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What you will learn today

• 3D parallelism: how Tensor (TP), Pipeline (PP), and Data (DDP) 
parallelism combine in one scalable setup 

• Pipeline parallelism strategies: different scheduling “recipes” for 
organizing the forward and backward passes 

• Expert parallelism: why experts can be cheaper per parameter 
breaking the "6 FLOPs per parameter" rule of thumb 

• Model sharding: splitting optimizer state across devices so bigger 
models can fit and train
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Model Flop Utilization

• We’re concerned with strategies which allow to process big models and 
numerous data in in parallel. 

• Training is typically throughput-driven (time to process tokens), not 
latency-driven (number of tokens processed per seconds). 

• It is thus necessary to find parallelisation techniques that have the 
highest throughput, which is directly connected to MFU:
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and equivalently,

<latexit sha1_base64="pY1JrG04JcquZg1OOEcwMofBRzA="></latexit>

MFU =
FLOPs your model actually executes per second

Theoretical peak FLOPs of the hardware

<latexit sha1_base64="sdfM6yH/1Jpk7Dfiq1CGSu4tQxY="></latexit>

tokens/s = MFU⇥ peak FLOPs

FLOPs per token



Compute–Memory–Communication triangle

• LLMs are huge: billions of parameters → memory doesn’t fit on one 
node 

• Training is compute-heavy: forward/backward passes require massive 
FLOPs over large datasets 

• Training is bandwidth-heavy: gradients/activations/optimizer states 
create a lot of communication 

• Scaling training is balancing the compute–memory–communication tradeoff: 
increasing parallelism reduces one bottleneck while often increasing another.
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Data Parallelism vs Model Parallelism
• Two guiding ideas shape most parallelism designs: 

• Data Parallelism (DP): primarily increases throughput by 
replicating the model and splitting the data/batch. 

• Model Parallelism (MP): primarily increases capacity by splitting 
the model across devices, and can sometimes improve throughput 
when compute gains outweigh communication overhead. 

• One typically tries to map GPUs to data and layers.
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Multi-Axis Parallelism
• Think “GPU mesh”: arrange GPUs into a logical grid (1D/2D/

3D/…). Each dimension of the grid corresponds to one parallelism 
axis and d-dimensional parallelism can be represented via 
  

• Multi-axis parallelism allows to combine multiple parallelisms at once 

• It often assumes homogeneity in the hardware. 

• Each axis implies a different communication pattern. Members in the 
same k-th groups follow a dimension specific pattern and are given by: 

• Key trade-off: more splitting → less work/memory per GPU, but 
more communication (bandwidth/latency) and potential compute 
bubbles or imbalance.
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<latexit sha1_base64="JBur28lpJXEMjW8C4A6M1XYnUNE=">AAACKXicbVDLSgMxFM3UV62vUZdugkWoUOqMiLosunFZwdpCZxgymbQNzWSG5I5QSz/Dr/AT3OoHuFO3/RHTx8K2Hggczrk3JzlhKrgGx/m2ciura+sb+c3C1vbO7p69f/Cok0xRVqeJSFQzJJoJLlkdOAjWTBUjcShYI+zdjv3GE1OaJ/IB+inzY9KRvM0pASMF9lmJB27ZixLQZR5Epx6XuCUD1/eAx0x7dOxMuZEjP7CLTsWZAC8Td0aKaIZaYI/M5TSLmQQqiNYt10nBHxAFnAo2LHiZZimhPdJhLUMlMUn+YPKxIT4xSoTbiTJHAp6ofzcGJNa6H4dmMibQ1YveWPzPa2XQvvYHXKYZMEmnQe1MYEjwuCUcccUoiL4hhCpu3opplyhCwXQ5lwK89zw0rbiLHSyTx/OKe1lx7y+K1ZtZP3l0hI5RCbnoClXRHaqhOqLoBb2hd/RhvVqf1pf1Mx3NWbOdQzQHa/QLUKWnZw==</latexit>

(i1, . . . , id) 2 [n1]⇥ · · ·⇥ [nd]

<latexit sha1_base64="Bu5XYsVsBljVKcRWx1GlUROw5M0=">AAACJXicbVDLSgMxFM34rPVVdekmWATFUmZE1GXRjcsK9gGdYcikGQ2TyQzJHaEO/Qi/wk9wqx/gTgRXLvwR03YQtR4InJxzH8kJUsE12Pa7NTM7N7+wWFoqL6+srq1XNjbbOskUZS2aiER1A6KZ4JK1gINg3VQxEgeCdYLofOR3bpnSPJFXMEiZF5NryUNOCRjJrxy4+R73nZrbT0DXuB99s/5+DZu7yyXuST/y3KFfqdp1eww8TZyCVFGBpl/5NMNoFjMJVBCte46dgpcTBZwKNiy7mWYpoRG5Zj1DJYmZ9vLxp4Z41yh9HCbKHAl4rP7syEms9SAOTGVM4Eb/9Ubif14vg/DUy7lMM2CSThaFmcCQ4FFCuM8VoyAGhhCquHkrpjdEEQomx19bgEd3o1ScvxlMk/Zh3TmuO5dH1cZZkU8JbaMdtIccdIIa6AI1UQtRdI8e0RN6th6sF+vVepuUzlhFzxb6BevjC8lDpOs=</latexit>

{(i1, . . . , ik, . . . , id), ik 2 [nk]}



Example from Llama3

Ex.: 
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3D-Parallelism
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3D-Parallelism
• The probably best known of training LLM is 3D-Parallelism, which 

splits GPUs into a grid. It mixes: 

• Data axis (Distributed Data Parallelism): split the batch 
across GPU groups; each group has a full copy of the model. 

• Tensor axis (Tensor Parallelism): split large matrix 
operations / weight tensors inside layers across GPUs. 

• Pipeline axis (Pipeline Parallelism): split the model layers 
into stages; GPUs work on different stages.
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<latexit sha1_base64="yUq9IlbEljF5h0eZOw9DNYebu0c=">AAACC3icbVDLSsNAFJ34rPWV6tLNYBFclUREXRbduKxgH9CGMJlM2qEzkzAzUWrIJ/gJbvUD3IlbP8K1P+KkzcK2HrhwOOde7uEECaNKO863tbK6tr6xWdmqbu/s7u3btYOOilOJSRvHLJa9ACnCqCBtTTUjvUQSxANGusH4pvC7D0QqGot7PUmIx9FQ0IhipI3k2zXhZwOO9EjyLAyTPK/6dt1pOFPAZeKWpA5KtHz7ZxDGOOVEaMyQUn3XSbSXIakpZiSvDlJFEoTHaEj6hgrEifKyafQcnhglhFEszQgNp+rfiwxxpSY8MJtFSrXoFeJ/Xj/V0ZWXUZGkmgg8exSlDOoYFj3AkEqCNZsYgrCkJivEIyQR1qatuS+ajp9y04q72MEy6Zw13IuGe3deb16X/VTAETgGp8AFl6AJbkELtAEGj+AFvII369l6tz6sz9nqilXeHII5WF+/O/Ob1A==</latexit>nddp

<latexit sha1_base64="hPCNIU/4OFr0ARQGIDFZGRZdQrw=">AAACCnicbVDLSgMxFM3UV62vUZdugkVwVWZE1GXRjcsK9gHtMGTStA1NMiHJFOowf+AnuNUPcCdu/QnX/oiZdha29cCFwzn3cg8nkoxq43nfTmltfWNzq7xd2dnd2z9wD49aOk4UJk0cs1h1IqQJo4I0DTWMdKQiiEeMtKPxXe63J0RpGotHM5Uk4Ggo6IBiZKwUuq4I0x5HZqR4KmWWVUK36tW8GeAq8QtSBQUaofvT68c44UQYzJDWXd+TJkiRMhQzklV6iSYS4TEakq6lAnGig3SWPINnVunDQazsCANn6t+LFHGtpzyym3lIvezl4n9eNzGDmyClQiaGCDx/NEgYNDHMa4B9qgg2bGoJworarBCPkELY2LIWvhg6fspsK/5yB6ukdVHzr2r+w2W1flv0UwYn4BScAx9cgzq4Bw3QBBhMwAt4BW/Os/PufDif89WSU9wcgwU4X7+FDpty</latexit>npp<latexit sha1_base64="2WeZ3nhekJe0vvL2m+gKRt8qnWc=">AAACCnicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdVl047KCfUAbwmQ6bYdOJmHmplBD/sBPcKsf4E7c+hOu/REnbRa29cCFwzn3cg8niAXX4DjfVmltfWNzq7xd2dnd2z+wD49aOkoUZU0aiUh1AqKZ4JI1gYNgnVgxEgaCtYPxXe63J0xpHslHmMbMC8lQ8gGnBIzk27b0015IYKTCFOIsq/h21ak5M+BV4hakigo0fPun149oEjIJVBCtu64Tg5cSBZwKllV6iWYxoWMyZF1DJQmZ9tJZ8gyfGaWPB5EyIwHP1L8XKQm1noaB2cxD6mUvF//zugkMbryUyzgBJun80SARGCKc14D7XDEKYmoIoYqbrJiOiCIUTFkLX4CPnzLTirvcwSppXdTcq5r7cFmt3xb9lNEJOkXnyEXXqI7uUQM1EUUT9IJe0Zv1bL1bH9bnfLVkFTfHaAHW1y+Lcpt2</latexit>ntp

Crucially, 3D-Parallelism is (mathematically) equivalent  
to the non-parallel training run; it only re-partitions the work.



Distributed Data Parallelism (DDP)
• Data Parallelism (DDP) is the standard baseline: replicate the full 

model on each GPU and split the batch across GPUs. 

• After each iteration, GPUs must synchronize gradients (typically via 
an all-reduce); applying the same update keeps parameters consistent. 

• To use DDP efficiently, choose a global batch size so each GPU has 
enough work to stay busy. 

• DDP usually increases throughput (tokens/s) by parallelizing compute. 

• It introduces communication overhead (gradient sync) and some 
memory/overhead costs (activation/gradient buffers, optimizer state per 
replica). 

• Step time / latency is not identical: it often increases slightly due to 
synchronization/stragglers, even though throughput improves.
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DDP scheme
11

<latexit sha1_base64="eiAKUExYiF/+2S2/XT3LI/hylhA=">AAAB+3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMhsw9mesW47Cd41Q/wJl79GM/+iJNkDyaxoKGo6qa7y4ul0Gjb31ZhZXVtfaO4Wdra3tndK+8fNHWUKMYbLJKRantUcylC3kCBkrdjxWngSd7yRjcTv/XIlRZR+IDjmLsBHYTCF4yike6fek6vXLGr9hRkmTg5qUCOeq/80+1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdQ0MacO2m01MzcmKUPvEjZSpEMlX/TqQ00HoceKYzoDjUi95E/M/rJOhfuakI4wR5yGaL/EQSjMjkb9IXijOUY0MoU8LcStiQKsrQpDO3BcXoOTOpOIsZLJPmWdW5qDp355XadZ5PEY7gGE7BgUuowS3UoQEMBvACr/BmZda79WF9zloLVj5zCHOwvn4BPiaVOw==</latexit>x1
<latexit sha1_base64="h899TxfVhoiwR+xQUHExkw69HD8=">AAAB+3icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHoxWNE84BkCbOT2WTI7IOZXjEu+wle9QO8iVc/xrM/4iTZg0ksaCiquunu8mIpNNr2t7Wyura+sVnYKm7v7O7tlw4OmzpKFOMNFslItT2quRQhb6BAydux4jTwJG95o5uJ33rkSosofMBxzN2ADkLhC0bRSPdPvWqvVLYr9hRkmTg5KUOOeq/00+1HLAl4iExSrTuOHaObUoWCSZ4Vu4nmMWUjOuAdQ0MacO2m01MzcmqUPvEjZSpEMlX/TqQ00HoceKYzoDjUi95E/M/rJOhfuakI4wR5yGaL/EQSjMjkb9IXijOUY0MoU8LcStiQKsrQpDO3BcXoOTOpOIsZLJNmteJcVJy783LtOs+nAMdwAmfgwCXU4Bbq0AAGA3iBV3izMuvd+rA+Z60rVj5zBHOwvn4BP7uVPA==</latexit>x2 … <latexit sha1_base64="OTa8C/q89Wdlmacr+JmFn+5huLQ=">AAACCnicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdVl047KCfUAbwmQyaYfOJGHmprSG/oGf4FY/wJ249Sdc+yMmbRa29cCFwzn3ci7HiwXXYFnfRmltfWNzq7xd2dnd2z8wD49aOkoUZU0aiUh1PKKZ4CFrAgfBOrFiRHqCtb3hXe63R0xpHoWPMImZI0k/5AGnBDLJNc2xm/aAjUHJ1Pfj6dQ1q1bNmgGvErsgVVSg4Zo/PT+iiWQhUEG07tpWDE5KFHAq2LTSSzSLCR2SPutmNCSSaSedfT7FZ5ni4yBS2YSAZ+rfi5RIrSfSyzYlgYFe9nLxP6+bQHDjpDyME2AhnQcFicAQ4bwG7HPFKIhJRghVPPsV0wFRhEJW1kIK8OFT3oq93MEqaV3U7Kua/XBZrd8W/ZTRCTpF58hG16iO7lEDNRFFI/SCXtGb8Wy8Gx/G53y1ZBQ3x2gBxtcvPC2b5Q==</latexit>xddp

Communication



DDP Summary
• What’s sharded: Data / batch (each GPU gets different samples) 

• Memory footprint: dominated by replicated model state (+ activations); 
doesn’t reduce weight memory per GPU 

• Communications: 

• Communication pattern: gradient all-reduce (typically once per 
optimizer step / per backward pass) 

• Comm volume: scales with #parameters and #GPUs. 

• When it bottlenecks: 

• Compute-bound if per-GPU batch is large / GPU busy 

• Comm-bound as GPU count increases or network bandwidth decreases 

• Primary goal: increase throughput (latency issue due to comm.) 

• Statistical efficiency: tied to global batch size (bigger global batch may 
need LR tuning / schedule changes)
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Tensor Parallelism

13



Motivation for Tensor Parallelism (Forward Pass)
14

• The computations of a 1-hidden layer neural network are separable.

<latexit sha1_base64="R98IUqeKP9g1edfG/dCz/WV1Hxk="></latexit>

h1 = �(A1x)

h2 = �(A2x)

y = B1h1 +B2h2.

Or, equivalently, which makes parallelisation explicit:

<latexit sha1_base64="67phZL/9oQ2gt9+IX8pVRAiQ+wE="></latexit>

h = �(Ax), y = Bh.or

<latexit sha1_base64="J71gv9IHSn+xuJvxVeM4lwBa88g="></latexit>

B =
⇥
B1 B2

⇤
,Write then

<latexit sha1_base64="13a8XNjAU6Pe7pjvmR/CGALM4mo="></latexit>

y = Ax =


A1x
A2x

�
.Write then

(row parallelism)

(column parallelism)

• For a 1-hidden layer neural network, as done in transformers, we want to 
compute
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Motivation for Tensor Parallelism (Backward Pass)

<latexit sha1_base64="R98IUqeKP9g1edfG/dCz/WV1Hxk="></latexit>

h1 = �(A1x)

h2 = �(A2x)

y = B1h1 +B2h2.

Again:

<latexit sha1_base64="+yj5mPoo2I6zsqafT9b8LwyR9L4=">AAACJXicbVDLSgMxFM3Ud31VXboJFkEQyoyIuhFENy4r2Cp0xpJJ77ShmQfJHWEc5iP8Cj/BrX6AOxFcufBHzNSCzwOBk3PuIzl+IoVG2361KhOTU9Mzs3PV+YXFpeXaympbx6ni0OKxjNWlzzRIEUELBUq4TBSw0Jdw4Q9PSv/iGpQWcXSOWQJeyPqRCARnaKRubdvtgUR2ldFD6gaK8dxNmELBJHVByuLrmhXdWt1u2CPQv8QZkzoZo9mtvbu9mKchRMgl07rj2Al6eTmQSyiqbqohYXzI+tAxNGIhaC8ffaqgm0bp0SBW5kRIR+r3jpyFWmehbypDhgP92yvF/7xOisGBl4soSREi/rkoSCXFmJYJ0Z5QwFFmhjCuhHkr5QNmokGT448tKIY3ZSrO7wz+kvZOw9lrOGe79aPjcT6zZJ1skC3ikH1yRE5Jk7QIJ7fknjyQR+vOerKerZfP0oo17lkjP2C9fQBeAaZ6</latexit>

�y =
@`

@y
<latexit sha1_base64="E3sH/X5KRUW6yT/kpMVBIPinwik=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiuSiKiboRSNy4r2Ac0bZhMp+3QSSbM3AgxdOtX+Alu9QPciVs3rv0Rp20E23rgwuGce7n3Hj8SXINtf1lLyyura+u5jfzm1vbObmFvv65lrCirUSmkavpEM8FDVgMOgjUjxUjgC9bwh9djv3HPlOYyvIMkYu2A9EPe45SAkbwCdrtMAOmkA4+P8BWueLzjgox+9cQrFO2SPQFeJE5GiihD1St8u11J44CFQAXRuuXYEbRTooBTwUZ5N9YsInRI+qxlaEgCptvp5JMRPjZKF/ekMhUCnqh/J1ISaJ0EvukMCAz0vDcW//NaMfQu2ykPoxhYSKeLerHAIPE4FtzlilEQiSGEKm5uxXRAFKFgwpvZAnz4MDKpOPMZLJL6ack5Lzm3Z8VyJcsnhw7RETpBDrpAZXSDqqiGKHpEz+gFvVpP1pv1bn1MW5esbOYAzcD6/AHHrKFj</latexit>

�hi = B>
i �y

Then if

then

<latexit sha1_base64="j+FoHBBb75rhLBd2BK2JV1S78BM="></latexit>

�zi = �hi � �0(Aix),

<latexit sha1_base64="Axvh11QAhO9xfOS+GJWXZrs4ZjY="></latexit>

@`

@x
= A>

1 �
z1 +A>

2 �
z2

and if

then (row parallelism)

(column parallelism)
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• Intra-layer model parallelism: split large linear/attention ops across GPUs. 

• TP shards weights across GPUs → each GPU stores a fraction       of the 
layer weights. 

• Each GPU does a partial matmul/attention projection on its shard. 

• It requires collectives inside the layer (e.g., all-reduce / all-gather) to 
combine partial results; model states are localised on GPUs. 

• TP aims at throughput and model fit; latency depends on communications.

TP: Tensor Parallelism

<latexit sha1_base64="7D13s4CcX+OSP6NJiD6huxrdAA4=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNUY9ELx4hkUcCGzI7NDBhdnYzM2vEDV/gVT/Am/Hq13j2RxxgDwJW0kmlqjvdXUEsuDau++3k1tY3Nrfy24Wd3b39g+LhUUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo7up33xEpXkkH8w4Rj+kA8n7nFFjpdpTt1hyy+4MZJV4GSlBhmq3+NPpRSwJURomqNZtz42Nn1JlOB M4KXQSjTFlIzrAtqWShqj9dHbohJxZpUf6kbIlDZmpfydSGmo9DgPbGVIz1MveVPzPayemf+OnXMaJQcnmi/qJICYi069JjytkRowtoUxxeythQ6ooMzabhS2Gj54nNhVvOYNV0rgoe1dlr3ZZqtxm+eThBE7hHDy4hgrcQxXqwADhBV7hzUmdd+fD+Zy35pxs5hgW4Hz9Ag8MlJc=</latexit>x

<latexit sha1_base64="Oo3RRK4t22mji1q96TF6EmpiSkc=">AAACEXicbVDLSsNAFJ34rPUVdeHCzWARXJVERF1W3bisYB/QhjCZTtqhk0mYuRFryFf4CW71A9yJW7/AtT9i0kawrQcGzj3nXu6d40WCa7CsL2NhcWl5ZbW0Vl7f2NzaNnd2mzqMFWUNGopQtT2imeCSNYCDYO1IMRJ4grW84XXut+6Z0jyUdzCKmBOQvuQ+pwQyyTX3uwGBgecnl6lr49/iIXXNilW1xsDzxC5IBRWou+Z3txfSOGASqCBad2wrAichCjgVLC13Y80iQoekzzoZlSRg2knGH0jxUab0sB+q7EnAY/XvREICrUeBl3XmF+pZLxf/8zox+BdOwmUUA5N0ssiPBYYQ52ngHleMghhlhFDFs1sxHRBFKGSZTW0BPnzMU7FnM5gnzZOqfVa1b08rtasinxI6QIfoGNnoHNXQDaqjBqIoRc/oBb0aT8ab8W58TFoXjGJmD03B+PwBh72eIQ==</latexit>

A1x

<latexit sha1_base64="cJJJtpvUZyoofvM59HAe3+yQVWU=">AAACEXicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdRl1Y3LCvYBbSiT6aQdOnkwcyPWkK/wE9zqB7gTt36Ba3/ESRvBth4YOPece7l3jhsJrsCyvozC0vLK6lpxvbSxubW9Y+7uNVUYS8oaNBShbLtEMcED1gAOgrUjyYjvCtZyR9eZ37pnUvEwuINxxByfDALucUpASz3zoOsTGLpecpn2qvi3eEh7ZtmqWBPgRWLnpIxy1Hvmd7cf0thnAVBBlOrYVgROQiRwKlha6saKRYSOyIB1NA2Iz5STTD6Q4mOt9LEXSv0CwBP170RCfKXGvqs7swvVvJeJ/3mdGLwLJ+FBFAML6HSRFwsMIc7SwH0uGQUx1oRQyfWtmA6JJBR0ZjNbgI8es1Ts+QwWSbNasc8q9u1puXaV51NEh+gInSAbnaMaukF11EAUpegZvaBX48l4M96Nj2lrwchn9tEMjM8fiV2eIg==</latexit>

A2x

GPU1 holds 

GPU2 holds 



Column vs Row Parallelism
• Tensor parallelism can be applied typically for linear layers in attention 

or MLP layers. With PyTorch notations, one typically want to perform 

• Column-parallel linear (split output features): each GPU computes a 
slice of the output → may need all-gather later. 
 

• Row-parallel linear (split input features): each GPU consumes a slice 
and produces partial sums → combine with all-reduce / reduce-
scatter.

17

<latexit sha1_base64="GO0p4V3Ug+zsZGeIXiNG1WJ3AEg="></latexit>

W =
⇥
W (1) W (2) · · · W (p)

⇤
Split:

<latexit sha1_base64="GK7opFBmrHpaS7bbJm4BtgjqhyA="></latexit>

Y (r) = XW (r), Y = Concat
�
Y (1), . . . , Y (p)

�
.then

<latexit sha1_base64="kZqiS9Ur9xmZD3NR0t9DQY1NqHs="></latexit>

X =
⇥
X(1) X(2) · · · X(p)

⇤
,

<latexit sha1_base64="lfcu2GXdOxBXVMCk8Jc9Ua/2WFk="></latexit>

W =

2

6664

W (1)

W (2)

...
W (p)

3

7775<latexit sha1_base64="hqlphdkoRa/8sBBzDWxjB5JyecQ="></latexit>

Ỹ (r) = X(r) W (r), Y =
pX

r=1

Ỹ (r).

Split:

then



TP Implementation in PyTorch

• In PyTorch DTensor TP, you apply tensor parallelism by passing a 
parallelize_plan (per-submodule sharding style such as colwise/
rowwise/sequence) to parallelize_module(model, 
device_mesh, ...).  

• PyTorch shards the targeted weights accordingly and automatically 
inserts the required collectives (e.g., all-gather, reduce-scatter, all-
reduce) to make the sharded layers compose correctly. 

• These TP APIs are experimental and can change: so I would treat this 
procedure as a black-box.

18



TP Summary
• What’s sharded: Layers states. 

• Memory footprint: Per-GPU model states drops by     , but some activations 
memory are replicated. 

• Communications: 

• Communication pattern: collectives inside layers between activations (all-
reduce / reduce-scatter / all-gather, depending on row/col/sequence parallel style). 

• Comm volume: scales with activation size per layer and with how many TP 
collectives you do per layer. 

• When it bottlenecks: 

• Compute-bound when GEMMs are large and GPUs stay busy. 

• Comm-bound as TP degree increases (more/larger collectives) or interconnect 
bandwidth/latency is weak. 

• Primary goal: make large layers fit + increase throughput (and sometimes enable 
larger batch/seq); latency may not improve much if comm dominates. 

• Statistical efficiency: unchanged.
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Pipeline Parallelism
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PP: Pipeline Parallelism
• Even with TP, layers are executed sequentially in forward/backward, and 

a full model may still not fit on one GPU. 

• Core idea: partition the network into stages (contiguous blocks of layers) 
and place each stage on a different GPU (or group of GPUs). 

• PP splits the global batch into microbatches and run them through the stages 
with a pipelined schedule (overlap compute across stages): different stages 
work on different microbatches at the same time, increasing device utilization. 

• Communication: send/recv activations between adjacent stages (per 
microbatch) + gradients on the backward path. 

• Main trade-off (which depends on the PP schedule): 

• more microbatches → less pipeline bubble (better utilization) 

• more microbatches → larger activation stash (more memory)
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Deploying Large Models 
across multiple GPUs via Pipelining

22

• Typical setting: Feedforward model. 

• Stages: Disjoint segments of consecutive layers. 

• Device assignment: Each stage resides entirely on one device; 
multiple stages can share a single device. 

• Local management: Each stage independently handles its memory, 
computations, and communication.

Input layer

Intermediary layer

Final layer

Forward connexion

Stage

Devices



Micro-batches for GPipe

• Once a neural network is split into stages, batches are split 
into microbatches, each GPUs can process every  micro 
batches independently
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Main overhead: pipeline “bubble” (idle time)

Micro-batch indexStage index

Time

Stage



GPipe

Ex.: 

24

• Assume we have p stages and n micro-batches, each on a diff GPU.

Per stage:

Forward total idling time:
Bubble time (per stage):

forward time

backward time

What is the activation  
memory per layer?

Forward total time:

Bubble ratio (over all GPUs):



Non-interleaved 1F1B

• After a short warmup, each stage alternates exactly one Forward (F) 
and one Backward (B) pass per micro batch 

• Here, the bubble is again  given by: 

• More memory efficient than GPipe because we immediately perform 
backward, dropping stored activations.
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• One can do much more complex Pipelining strategies:
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Splitting
27

• Observe that the backward pass can be either done jointly, either done 
activation, then weights 

• Typically:

Starting from       , we would 
need to compute      twice
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ZB-H2

• Key trick: split the backward pass into activation-gradient and 
weight-gradient computations. 

• Tradeoff: zero bubble costs memory  ZB-H2 increases peak 
activation memory to about            compared to    for 1F1B. 

• Bubble size: for ZB-H2, we get 
 
 
and for 1F1B 
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Beyond 1 stage per Device: Overlapping Stage Computations & 
Communications

• PP already enables overlap: while one stage computes, other stages 
can send/recv activations/gradients.. 

• DeepSeek (DualPipe) pushes this further: each micro-batch “chunk” 
is split into components (attention / all-to-all dispatch / MLP / all-to-all 
combine), then reordered so PP computations hide communications 
(could be TP, but actually it’s EP): backward comm/comp and forward 
comp/comm in parallel. 

• Bidirectional pipeline scheduling: micro-batches are injected from 
both ends of the pipeline to reduce bubbles and increase overlap 
opportunities.
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DualPipe-V

• DualPipeV is a V-shaped pipeline schedule, obtained from DualPipe 
via a “cut-in-half” transformation. 

• Two stages per GPU: a pipeline with p stages runs on p/2 devices (each 
device hosts 2 stages). 

• Memory profile: it stores roughly the same number of micro-batches as 
1F1B. 

• Bubble size: DualPipeV bubble size is:
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PP Summary
• What’s sharded: Stages across GPUs 

• Memory footprint: but activation memory can increase due to microbatch activation 
stash. 

• Communications: 

• Communication pattern: point-to-point send/recv of boundary activations 
between adjacent stages (per microbatch) + corresponding backward boundary 
grads. 

• Communication volume: scales with activation sizes and micro batches 

• When it bottlenecks: 

• Compute-bound if stages are well balanced and each stage has enough work (no 
pipeline bubble; bubble is often reduced as micro-batches increase). 

• Communication-bound: if interconnect is slow, or micro-batch count is small 
(more overhead per unit work). 

• Primary goal: fit very large models and increase throughput via pipelining; 
end-to-end latency often doesn’t improve and can worsen with more microbatching. 

• Statistical efficiency: unchanged.
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Composability of 3D Parallelism

• 3D parallelism is composable: 
define orthogonal process groups for 
DDP, TP and PP, i.e. 

• Homogeneous assumption: the same 
parallel degrees apply everywhere 
assuming identical GPUs 

• Result: scaling is “lego-like”, you can 
modify                         
independently… 

• …or at least guided by throughput!
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What is the recipe to find the right degree of parallelism?

• Pick the smallest               that makes the model fit in memory 
while keeping good per-GPU efficiency: 

• TP helps with wide layers (intra-layer sharding) 

• PP helps with depth (shard layers across stages) 

• Topology rule of thumb: keep TP within a node (fast interconnect); 
PP can span nodes more comfortably. 

• Set        with the remaining GPUs: 

• And then extensively try your potential configurations on few 
iterations to verify MFU.
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Optimizing Memory
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Training memory: What dominates and how to reduce it?
• Main contributors: 

• Activations saved for backward 

• Parameters (weights) 

• Gradients 

• Optimizer states 

• Common memory reduction levers, that we already discussed: 

• Activation checkpointing (store fewer activations, recompute during 
backward) 

• Activation and optimizer offloading (move states to host memory when 
needed) 

• Lower-precision training (BF16 or FP16; FP8 where supported) with 
appropriate handling of master weights
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Optimising the Optimizer
• For large models, optimizer states dominate GPU memory (often 

more than activations at scale). 

• Example: Adam-family optimizers keep extra per-parameter tensors (e.g., 
momentum + variance), which can add parameter-size just for states 
(and even more in mixed precision when states are stored in FP32). 

• Two high-level strategies 

• Change the optimizer (reduce state size per parameter), with a new 
optimizer or with low-precision optimizer states: store states in 
FP16 while keeping stability tricks. 

• Shard optimizer states (and optionally gradients/params) so each 
GPU holds only a fraction of the state, yet this increases 
communications.
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Issues with Adam

• Adam’s memory cost: per parameter you store the weight plus two 
optimizer-state tensors: the first and second moments. Let’s count 
the bytes per parameter. 

• Typical mixed-precision setup: weights and gradients are often BF16 → 2 
bytes (weights) + 2 bytes (grads). Many implementations also keep FP32 
master weights → +4 bytes. 

• Optimizer states: moments are typically stored in FP32 for stability → 4 
+ 4 bytes. Total = 2 + 2 + 4 + 4 + 4 = 16 bytes per parameters).
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SGD…?

• SGD’s memory cost: per parameter you store the weight, and 
(optionally) one optimizer-state tensor: the momentum buffer. 
Let’s count the bytes per parameter again. 

• Typical mixed-precision setup: weights and gradients are often BF16 
→ 2 bytes (weights) + 2 bytes (grads). Many implementations also 
keep FP32 master weights → +4 bytes. 

• Optimizer states: with SGD + momentum, you store the 
momentum buffer, typically in FP32 → +4 bytes. Total = 2 + 2 
+ 4 + 4 = 12 bytes per parameter. 

•  Note: plain SGD/momentum typically has poor convergence for 
training LLMs compared to Adam-type optimizers.
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Optimizer choice: MuOn

• MuOn's memory cost: per parameter you store the weight, and (optionally) one 
optimizer-state tensor: the momentum buffer. Let’s count the bytes per 
parameter again. 

• Typical mixed-precision setup: weights and gradients are often BF16 → 2 bytes (weights) 
+ 2 bytes (grads). Many implementations also keep FP32 master weights → +4 bytes. 

• Optimizer states: you store the momentum buffer, typically in FP32 → +4 bytes. 
Total = 2 + 2 + 4 + 4 = 12 bytes per parameter. 

•  Note: contrary to SGD, MuOn seems to have extremely favorable convergence 
properties in many settings! (with minor overhead due to orthogonalization)
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Beyond 3D Parallelism
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Toward d-D Parallelism,  41
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<latexit sha1_base64="fQOV4jhA/nrbvBGOMoRATUMG+xg=">AAAB/3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF48RzAOSJczO9iZDZh/O9ApxycFP8Kof4E28+ime/REnyR5MYkFDUdVNd5eXSKHRtr+twsrq2vpGcbO0tb2zu1feP2jqOFUcGjyWsWp7TIMUETRQoIR2ooCFnoSWN7yZ+K1HUFrE0T2OEnBD1o9EIDhDI7X8bh8e6HmvXLGr9hR0mTg5qZAc9V75p+vHPA0hQi6Z1h3HTtDNmELBJYxL3VRDwviQ9aFjaMRC0G42PXdMT4zi0yBWpiKkU/XvRMZCrUehZzpDhgO96E3E/7xOisGVm4koSREiPlsUpJJiTCe/U18o4ChHhjCuhLmV8gFTjKNJaG4LiuHT2KTiLGawTJpnVeei6tydV2rXeT5FckSOySlxyCWpkVtSJw3CyZC8kFfyZj1b79aH9TlrLVj5zCGZg/X1C+FTlqw=</latexit>

d � 4

• Modern LLM training often adds a 4th axis (and sometimes 
more) to scale further, and in particular to reduce memory overhead: 

• Expert Parallelism (EP) using Mixture of Experts layers 
(experts sharded across GPUs). EP changes convergence properties. 

• FSDP/ZeRO-style sharding for optimizer + parameter states 

• Context / Sequence parallelism to handle very long sequences, 
for inference, that we will review in a future lecture. 

• Typically, in TorchTitan the axis are so that



Sharding Parallelism

42



Optimizer Sharding (ZerO) 43

…

Node-1 Node-2 Node-
Optimizer

Parameter

GradientBaseline

…
Optimizer 
Sharding

• Shard tensors across GPUs so each device holds only a fraction instead of a full 
replica. It’s also referred to as ZerO-1. 

• GPUs gather shards when a layer is used (forward/backward) and reduce-scatter 
/ all-reduce to combine updates—so correctness matches the non-sharded model. 

• Sharding saves memory but increases communication, which can reduce 
throughput unless carefully overlapped and engineered.

<latexit sha1_base64="A2ooo6GXXO/KkIvUymlqQ1czXSo=">AAACCnicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdVl047KCfUAbwmQyaYfOTMLMpFBD/sBPcKsf4E7c+hOu/REnbRa29cCFwzn3cg8nSBhV2nG+rcra+sbmVnW7trO7t39gHx51VJxKTNo4ZrHsBUgRRgVpa6oZ6SWSIB4w0g3Gd4XfnRCpaCwe9TQhHkdDQSOKkTaSb9vCzwYc6ZHkWaiSPPftutNwZoCrxC1JHZRo+fbPIIxxyonQmCGl+q6TaC9DUlPMSF4bpIokCI/RkPQNFYgT5WWz5Dk8M0oIo1iaERrO1L8XGeJKTXlgNouQatkrxP+8fqqjGy+jIkk1EXj+KEoZ1DEsaoAhlQRrNjUEYUlNVohHSCKsTVkLXzQdPxWtuMsdrJLORcO9argPl/XmbdlPFZyAU3AOXHANmuAetEAbYDABL+AVvFnP1rv1YX3OVytWeXMMFmB9/QIX/ZvP</latexit>ndsp



Hybrid Sharded Data Parallel
• Hybrid Sharded Data Parallel adds a sharding layer by partitioning tensors across 

ranks instead of replicating them. It extends 3D Parallelism. 

• HSDP can shard optimizer states, gradients, and parameters (ZeRO-3-style 
savings), so each GPU holds only a fraction of the model “payload” at any time 

• Sharding increases collective communication, so it’s best to keep the hottest traffic 
on fast intra-node links (e.g., NVLink) and carefully manage cross-node bandwidth. 

• HSDP includes routines to overlap comm/compute, choose wrapping 
granularity, and tune bucketing/prefetch, attempting to recover maximum 
throughput.

44



No Algorithmic Changes: Implementation-
Level Comms/Compute Overlap

• Overlap via hooks. Using backward hooks (e.g., 
prepare_for_backward), a standard technique is to launch 
communication for a layer’s gradients immediately after that layer’s backward 
computation completes, overlapping communication with remaining compute.

45

CUDA  
stream

<latexit sha1_base64="BQKNktYncAzPBL+L5/uUSfQCwfg=">AAACBXicbVDLSgMxFM3UV62vqks3wSLUTZmIqMuiIC4r2FpohyGTZtrQTGZM7gi1dO0nuNUPcCdu/Q7X/ohpOwvbeuDC4Zx7OZcTJFIYcN1vJ7e0vLK6ll8vbGxube8Ud/caJk4143UWy1g3A2q4FIrXQYDkzURzGgWS3wf9q7F//8i1EbG6g0HCvYh2lQgFo2Al79on5Tb0OFCfHPvFkltxJ8CLhGSkhDLU/OJPuxOzNOIKmKTGtIibgDekGgSTfFRop4YnlPVpl7csVTTixhtOnh7hI6t0cBhrOwrwRP17MaSRMYMosJsRhZ6Z98bif14rhfDCGwqVpMAVmwaFqcQQ43EDuCM0ZyAHllCmhf0Vsx7VlIHtaSYFRP9pZFsh8x0sksZJhZxVyO1pqXqZ9ZNHB+gQlRFB56iKblAN1RFDD+gFvaI359l5dz6cz+lqzslu9tEMnK9fu4CYwA==</latexit>

F1(✓1)
<latexit sha1_base64="hdUEIoCacSeQRbyhPcfI76/TIDU=">AAACBXicbVDLSsNAFJ3UV62vqks3g0Wom5IUUZdFQVxWsA9oQ5hMJ+3QySTO3Ag1dO0nuNUPcCdu/Q7X/ojTNgvbeuDC4Zx7OZfjx4JrsO1vK7eyura+kd8sbG3v7O4V9w+aOkoUZQ0aiUi1faKZ4JI1gINg7VgxEvqCtfzh9cRvPTKleSTvYRQzNyR9yQNOCRjJvfGq5S4MGBCveuoVS3bFngIvEycjJZSh7hV/ur2IJiGTQAXRuuPYMbgpUcCpYONCN9EsJnRI+qxjqCQh0246fXqMT4zSw0GkzEjAU/XvRUpCrUehbzZDAgO96E3E/7xOAsGlm3IZJ8AknQUFicAQ4UkDuMcVoyBGhhCquPkV0wFRhILpaS4F+PBpbFpxFjtYJs1qxTmvOHdnpdpV1k8eHaFjVEYOukA1dIvqqIEoekAv6BW9Wc/Wu/Vhfc5Wc1Z2c4jmYH39Ar61mMI=</latexit>

F2(✓2)
<latexit sha1_base64="hK0Z1av3CJ3RND5eFakKClNrh8A=">AAACBXicbVDLSsNAFJ3UV62vqks3g0Wom5IUUZelblxWsA9oQ5hMJ+3QySTO3Ag1dO0nuNUPcCdu/Q7X/ojTNgvbeuDC4Zx7OZfjx4JrsO1vK7e2vrG5ld8u7Ozu7R8UD49aOkoUZU0aiUh1fKKZ4JI1gYNgnVgxEvqCtf3RzdRvPzKleSTvYRwzNyQDyQNOCRjJrXvVcg+GDIhXPfeKJbtiz4BXiZOREsrQ8Io/vX5Ek5BJoIJo3XXsGNyUKOBUsEmhl2gWEzoiA9Y1VJKQaTedPT3BZ0bp4yBSZiTgmfr3IiWh1uPQN5shgaFe9qbif143geDaTbmME2CSzoOCRGCI8LQB3OeKURBjQwhV3PyK6ZAoQsH0tJACfPQ0Ma04yx2skla14lxWnLuLUq2e9ZNHJ+gUlZGDrlAN3aIGaiKKHtALekVv1rP1bn1Yn/PVnJXdHKMFWF+/uDGYvg==</latexit>

B2(✓2)
<latexit sha1_base64="HrbpDXpfiGmQ+YPy+jUcDvcRfjc=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSDEJuyIqGWIjWUEkwjJssxOZpMhs7PrzF0hLqn9BFv9ADux9Tus/REnj8IkHrhwOOdezuUEiRQGXPfbya2srq1v5DcLW9s7u3vF/YOmiVPNeIPFMtb3ATVcCsUbIEDy+0RzGgWSt4LB9dhvPXJtRKzuYJhwL6I9JULBKFjJq/mk3IE+B+qTU79YcivuBHiZkBkpoRnqfvGn041ZGnEFTFJj2sRNwMuoBsEkHxU6qeEJZQPa421LFY248bLJ0yN8YpUuDmNtRwGeqH8vMhoZM4wCuxlR6JtFbyz+57VTCK+8TKgkBa7YNChMJYYYjxvAXaE5Azm0hDIt7K+Y9ammDGxPcykgBk8j2wpZ7GCZNM8q5KJCbs9L1dqsnzw6QseojAi6RFV0g+qogRh6QC/oFb05z8678+F8TldzzuzmEM3B+foFtPyYvA==</latexit>

B1(✓1)

Time
<latexit sha1_base64="BRlOjLm4LNdhnwxforQM4nwaPbk=">AAACGXicbZC7SgNBFIZn4y3GW9TSwsUgRJCwG0QtgzZ2RjAXyC5hdnKSDJm9MHNWjEtKn8JHsNUHsBNbK2tfxEmyhYn+MPDxn3M4Z34vElyhZX0ZmYXFpeWV7GpubX1jcyu/vVNXYSwZ1FgoQtn0qALBA6ghRwHNSAL1PQENb3A5rjfuQCoeBrc4jMD1aS/gXc4oaqud33cQ7hExuY5wVHSwD0jb9nEK5aN2vmCVrInMv2CnUCCpqu38t9MJWexDgExQpVq2FaGbUImcCRjlnFhBRNmA9qClMaA+KDeZfGRkHmqnY3ZDqV+A5sT9PZFQX6mh7+lOn2JfzdfG5n+1VozdczfhQRQjBGy6qBsLE0NznIrZ4RIYiqEGyiTXt5qsTyVlqLOb2YJ88DDSqdjzGfyFerlkn5bsm5NC5SLNJ0v2yAEpEpuckQq5IlVSI4w8kmfyQl6NJ+PNeDc+pq0ZI53ZJTMyPn8AaGKhMg==</latexit>

Opt(✓1, ✓2)
<latexit sha1_base64="BQKNktYncAzPBL+L5/uUSfQCwfg=">AAACBXicbVDLSgMxFM3UV62vqks3wSLUTZmIqMuiIC4r2FpohyGTZtrQTGZM7gi1dO0nuNUPcCdu/Q7X/ohpOwvbeuDC4Zx7OZcTJFIYcN1vJ7e0vLK6ll8vbGxube8Ud/caJk4143UWy1g3A2q4FIrXQYDkzURzGgWS3wf9q7F//8i1EbG6g0HCvYh2lQgFo2Al79on5Tb0OFCfHPvFkltxJ8CLhGSkhDLU/OJPuxOzNOIKmKTGtIibgDekGgSTfFRop4YnlPVpl7csVTTixhtOnh7hI6t0cBhrOwrwRP17MaSRMYMosJsRhZ6Z98bif14rhfDCGwqVpMAVmwaFqcQQ43EDuCM0ZyAHllCmhf0Vsx7VlIHtaSYFRP9pZFsh8x0sksZJhZxVyO1pqXqZ9ZNHB+gQlRFB56iKblAN1RFDD+gFvaI359l5dz6cz+lqzslu9tEMnK9fu4CYwA==</latexit>

F1(✓1)
<latexit sha1_base64="hdUEIoCacSeQRbyhPcfI76/TIDU=">AAACBXicbVDLSsNAFJ3UV62vqks3g0Wom5IUUZdFQVxWsA9oQ5hMJ+3QySTO3Ag1dO0nuNUPcCdu/Q7X/ojTNgvbeuDC4Zx7OZfjx4JrsO1vK7eyura+kd8sbG3v7O4V9w+aOkoUZQ0aiUi1faKZ4JI1gINg7VgxEvqCtfzh9cRvPTKleSTvYRQzNyR9yQNOCRjJvfGq5S4MGBCveuoVS3bFngIvEycjJZSh7hV/ur2IJiGTQAXRuuPYMbgpUcCpYONCN9EsJnRI+qxjqCQh0246fXqMT4zSw0GkzEjAU/XvRUpCrUehbzZDAgO96E3E/7xOAsGlm3IZJ8AknQUFicAQ4UkDuMcVoyBGhhCquPkV0wFRhILpaS4F+PBpbFpxFjtYJs1qxTmvOHdnpdpV1k8eHaFjVEYOukA1dIvqqIEoekAv6BW9Wc/Wu/Vhfc5Wc1Z2c4jmYH39Ar61mMI=</latexit>

F2(✓2)

CUDA  
stream 2

CUDA  
stream 1 <latexit sha1_base64="BQKNktYncAzPBL+L5/uUSfQCwfg=">AAACBXicbVDLSgMxFM3UV62vqks3wSLUTZmIqMuiIC4r2FpohyGTZtrQTGZM7gi1dO0nuNUPcCdu/Q7X/ohpOwvbeuDC4Zx7OZcTJFIYcN1vJ7e0vLK6ll8vbGxube8Ud/caJk4143UWy1g3A2q4FIrXQYDkzURzGgWS3wf9q7F//8i1EbG6g0HCvYh2lQgFo2Al79on5Tb0OFCfHPvFkltxJ8CLhGSkhDLU/OJPuxOzNOIKmKTGtIibgDekGgSTfFRop4YnlPVpl7csVTTixhtOnh7hI6t0cBhrOwrwRP17MaSRMYMosJsRhZ6Z98bif14rhfDCGwqVpMAVmwaFqcQQ43EDuCM0ZyAHllCmhf0Vsx7VlIHtaSYFRP9pZFsh8x0sksZJhZxVyO1pqXqZ9ZNHB+gQlRFB56iKblAN1RFDD+gFvaI359l5dz6cz+lqzslu9tEMnK9fu4CYwA==</latexit>

F1(✓1)
<latexit sha1_base64="hdUEIoCacSeQRbyhPcfI76/TIDU=">AAACBXicbVDLSsNAFJ3UV62vqks3g0Wom5IUUZdFQVxWsA9oQ5hMJ+3QySTO3Ag1dO0nuNUPcCdu/Q7X/ojTNgvbeuDC4Zx7OZfjx4JrsO1vK7eyura+kd8sbG3v7O4V9w+aOkoUZQ0aiUi1faKZ4JI1gINg7VgxEvqCtfzh9cRvPTKleSTvYRQzNyR9yQNOCRjJvfGq5S4MGBCveuoVS3bFngIvEycjJZSh7hV/ur2IJiGTQAXRuuPYMbgpUcCpYONCN9EsJnRI+qxjqCQh0246fXqMT4zSw0GkzEjAU/XvRUpCrUehbzZDAgO96E3E/7xOAsGlm3IZJ8AknQUFicAQ4UkDuMcVoyBGhhCquPkV0wFRhILpaS4F+PBpbFpxFjtYJs1qxTmvOHdnpdpV1k8eHaFjVEYOukA1dIvqqIEoekAv6BW9Wc/Wu/Vhfc5Wc1Z2c4jmYH39Ar61mMI=</latexit>

F2(✓2)
<latexit sha1_base64="hK0Z1av3CJ3RND5eFakKClNrh8A=">AAACBXicbVDLSsNAFJ3UV62vqks3g0Wom5IUUZelblxWsA9oQ5hMJ+3QySTO3Ag1dO0nuNUPcCdu/Q7X/ojTNgvbeuDC4Zx7OZfjx4JrsO1vK7e2vrG5ld8u7Ozu7R8UD49aOkoUZU0aiUh1fKKZ4JI1gYNgnVgxEvqCtf3RzdRvPzKleSTvYRwzNyQDyQNOCRjJrXvVcg+GDIhXPfeKJbtiz4BXiZOREsrQ8Io/vX5Ek5BJoIJo3XXsGNyUKOBUsEmhl2gWEzoiA9Y1VJKQaTedPT3BZ0bp4yBSZiTgmfr3IiWh1uPQN5shgaFe9qbif143geDaTbmME2CSzoOCRGCI8LQB3OeKURBjQwhV3PyK6ZAoQsH0tJACfPQ0Ma04yx2skla14lxWnLuLUq2e9ZNHJ+gUlZGDrlAN3aIGaiKKHtALekVv1rP1bn1Yn/PVnJXdHKMFWF+/uDGYvg==</latexit>

B2(✓2)
<latexit sha1_base64="HrbpDXpfiGmQ+YPy+jUcDvcRfjc=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSDEJuyIqGWIjWUEkwjJssxOZpMhs7PrzF0hLqn9BFv9ADux9Tus/REnj8IkHrhwOOdezuUEiRQGXPfbya2srq1v5DcLW9s7u3vF/YOmiVPNeIPFMtb3ATVcCsUbIEDy+0RzGgWSt4LB9dhvPXJtRKzuYJhwL6I9JULBKFjJq/mk3IE+B+qTU79YcivuBHiZkBkpoRnqfvGn041ZGnEFTFJj2sRNwMuoBsEkHxU6qeEJZQPa421LFY248bLJ0yN8YpUuDmNtRwGeqH8vMhoZM4wCuxlR6JtFbyz+57VTCK+8TKgkBa7YNChMJYYYjxvAXaE5Azm0hDIt7K+Y9ammDGxPcykgBk8j2wpZ7GCZNM8q5KJCbs9L1dqsnzw6QseojAi6RFV0g+qogRh6QC/oFb05z8678+F8TldzzuzmEM3B+foFtPyYvA==</latexit>

B1(✓1)
<latexit sha1_base64="pUh9+kdhpltiNhqWQ/Fnp2KiE04=">AAACEHicbVDLSgNBEJz1GeMrKnjxMhiEeAm7Iuox6MWbEcwDskuYnXSSIbMPZnrFuOYn/ASv+gHexKt/4NkfcfI4mMSChqKqm2rKj6XQaNvf1sLi0vLKamYtu76xubWd29mt6ihRHCo8kpGq+0yDFCFUUKCEeqyABb6Emt+7Gvq1e1BaROEd9mPwAtYJRVtwhkZq5vZdhAdETG9iHBRc7AKypnPczOXtoj0CnSfOhOTJBOVm7sdtRTwJIEQumdYNx47RS5lCwSUMsm6iIWa8xzrQMDRkAWgvHf0/oEdGadF2pMyESEfq34uUBVr3A99sBgy7etYbiv95jQTbF14qwjhBCPk4qJ1IihEdlkFbQgFH2TeEcSXMr5R3mWIcTWVTKSh6jwPTijPbwTypnhSds6Jze5ovXU76yZADckgKxCHnpESuSZlUCCdP5IW8kjfr2Xq3PqzP8eqCNbnZI1Owvn4Bs/adqQ==</latexit>

Opt(✓1)
<latexit sha1_base64="36pHxm9dwA+Uo8DngbAFWmL/6og=">AAACEHicbVDLSgNBEJyNrxhfUcGLl8UgxEvYDaIeg168GcE8IBvC7KSTDJl9MNMrxnV/wk/wqh/gTbz6B579ESfJHkxiQUNR1U015YaCK7SsbyOztLyyupZdz21sbm3v5Hf36iqIJIMaC0Qgmy5VILgPNeQooBlKoJ4roOEOr8Z+4x6k4oF/h6MQ2h7t+7zHGUUtdfIHDsIDIsY3ISZFBweAtFM+6eQLVsmawFwkdkoKJEW1k/9xugGLPPCRCapUy7ZCbMdUImcCkpwTKQgpG9I+tDT1qQeqHU/+T8xjrXTNXiD1+GhO1L8XMfWUGnmu3vQoDtS8Nxb/81oR9i7aMffDCMFn06BeJEwMzHEZZpdLYChGmlAmuf7VZAMqKUNd2UwK8uFjolux5ztYJPVyyT4r2benhcpl2k+WHJIjUiQ2OScVck2qpEYYeSIv5JW8Gc/Gu/FhfE5XM0Z6s09mYHz9ArWMnao=</latexit>

Opt(✓2)

<latexit sha1_base64="BQKNktYncAzPBL+L5/uUSfQCwfg=">AAACBXicbVDLSgMxFM3UV62vqks3wSLUTZmIqMuiIC4r2FpohyGTZtrQTGZM7gi1dO0nuNUPcCdu/Q7X/ohpOwvbeuDC4Zx7OZcTJFIYcN1vJ7e0vLK6ll8vbGxube8Ud/caJk4143UWy1g3A2q4FIrXQYDkzURzGgWS3wf9q7F//8i1EbG6g0HCvYh2lQgFo2Al79on5Tb0OFCfHPvFkltxJ8CLhGSkhDLU/OJPuxOzNOIKmKTGtIibgDekGgSTfFRop4YnlPVpl7csVTTixhtOnh7hI6t0cBhrOwrwRP17MaSRMYMosJsRhZ6Z98bif14rhfDCGwqVpMAVmwaFqcQQ43EDuCM0ZyAHllCmhf0Vsx7VlIHtaSYFRP9pZFsh8x0sksZJhZxVyO1pqXqZ9ZNHB+gQlRFB56iKblAN1RFDD+gFvaI359l5dz6cz+lqzslu9tEMnK9fu4CYwA==</latexit>

F1(✓1)
<latexit sha1_base64="hdUEIoCacSeQRbyhPcfI76/TIDU=">AAACBXicbVDLSsNAFJ3UV62vqks3g0Wom5IUUZdFQVxWsA9oQ5hMJ+3QySTO3Ag1dO0nuNUPcCdu/Q7X/ojTNgvbeuDC4Zx7OZfjx4JrsO1vK7eyura+kd8sbG3v7O4V9w+aOkoUZQ0aiUi1faKZ4JI1gINg7VgxEvqCtfzh9cRvPTKleSTvYRQzNyR9yQNOCRjJvfGq5S4MGBCveuoVS3bFngIvEycjJZSh7hV/ur2IJiGTQAXRuuPYMbgpUcCpYONCN9EsJnRI+qxjqCQh0246fXqMT4zSw0GkzEjAU/XvRUpCrUehbzZDAgO96E3E/7xOAsGlm3IZJ8AknQUFicAQ4UkDuMcVoyBGhhCquPkV0wFRhILpaS4F+PBpbFpxFjtYJs1qxTmvOHdnpdpV1k8eHaFjVEYOukA1dIvqqIEoekAv6BW9Wc/Wu/Vhfc5Wc1Z2c4jmYH39Ar61mMI=</latexit>

F2(✓2)
<latexit sha1_base64="hK0Z1av3CJ3RND5eFakKClNrh8A=">AAACBXicbVDLSsNAFJ3UV62vqks3g0Wom5IUUZelblxWsA9oQ5hMJ+3QySTO3Ag1dO0nuNUPcCdu/Q7X/ojTNgvbeuDC4Zx7OZfjx4JrsO1vK7e2vrG5ld8u7Ozu7R8UD49aOkoUZU0aiUh1fKKZ4JI1gYNgnVgxEvqCtf3RzdRvPzKleSTvYRwzNyQDyQNOCRjJrXvVcg+GDIhXPfeKJbtiz4BXiZOREsrQ8Io/vX5Ek5BJoIJo3XXsGNyUKOBUsEmhl2gWEzoiA9Y1VJKQaTedPT3BZ0bp4yBSZiTgmfr3IiWh1uPQN5shgaFe9qbif143geDaTbmME2CSzoOCRGCI8LQB3OeKURBjQwhV3PyK6ZAoQsH0tJACfPQ0Ma04yx2skla14lxWnLuLUq2e9ZNHJ+gUlZGDrlAN3aIGaiKKHtALekVv1rP1bn1Yn/PVnJXdHKMFWF+/uDGYvg==</latexit>

B2(✓2)

• Let a network perform a forward pass via           , a backward pass       
and an optimizer step via       .

<latexit sha1_base64="TEeMVkKgw4Cu4laUB4NtYQTLmcU=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgQcJuEPUYFILHCCYGkmWZncwmQ2YfzPQKMeTiJ3jVD/AmXv0Tz/6Ik2QPJrGgoajqprvLT6TQaNvfVm5ldW19I79Z2Nre2d0r7h80dZwqxhsslrFq+VRzKSLeQIGStxLFaehL/uAPbib+wyNXWsTRPQ4T7oa0F4lAMIpGatU854zUvIpXLNllewqyTJyMlCBD3Sv+dLoxS0MeIZNU67ZjJ+iOqELBJB8XOqnmCWUD2uNtQyMacu2OpveOyYlRuiSIlakIyVT9OzGiodbD0DedIcW+XvQm4n9eO8Xgyh2JKEmRR2y2KEglwZhMniddoThDOTSEMiXMrYT1qaIMTURzW1AMnsYmFWcxg2XSrJSdi7Jzd16qXmf55OEIjuEUHLiEKtxCHRrAQMILvMKb9Wy9Wx/W56w1Z2UzhzAH6+sXej+WXg==</latexit>

F1, F2
<latexit sha1_base64="I1kqBkfuhYvpcO/sFpcNPdvzWBE=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgQcJuEPUY4sVjBPOAZFlmJ5NkyOyDmV4hLrn4CV71A7yJV//Esz/iJNmDSSxoKKq66e7yYyk02va3lVtb39jcym8Xdnb39g+Kh0dNHSWK8QaLZKTaPtVcipA3UKDk7VhxGviSt/zR7dRvPXKlRRQ+4DjmbkAHoegLRtFI7ZrnXJCaV/GKJbtsz0BWiZOREmSoe8Wfbi9iScBDZJJq3XHsGN2UKhRM8kmhm2geUzaiA94xNKQB1246u3dCzozSI/1ImQqRzNS/EykNtB4HvukMKA71sjcV//M6CfZv3FSEcYI8ZPNF/UQSjMj0edITijOUY0MoU8LcStiQKsrQRLSwBcXoaWJScZYzWCXNStm5Kjv3l6VqLcsnDydwCufgwDVU4Q7q0AAGEl7gFd6sZ+vd+rA+5605K5s5hgVYX79tc5ZW</latexit>

B1, B2
<latexit sha1_base64="6hmhyXfT3j5ndjhf5MvuxwMVUvA=">AAACBHicbVC7SgNBFJ31GeMramkzGASrsCuilkEbOyOYByRLmJ3MJkNmZ4eZu2Jc0voJtvoBdmLrf1j7I84mW5jEAxcO59zLuZxACW7Adb+dpeWV1bX1wkZxc2t7Z7e0t98wcaIpq9NYxLoVEMMEl6wOHARrKc1IFAjWDIbXmd98YNrwWN7DSDE/In3JQ04JWKnTAfYIAOmtgnG3VHYr7gR4kXg5KaMctW7pp9OLaRIxCVQQY9qeq8BPiQZOBRsXO4lhitAh6bO2pZJEzPjp5OcxPrZKD4extiMBT9S/FymJjBlFgd2MCAzMvJeJ/3ntBMJLP+VSJcAknQaFicAQ46wA3OOaURAjSwjV3P6K6YBoQsHWNJMCfPiUteLNd7BIGqcV77zi3Z2Vq1d5PwV0iI7QCfLQBaqiG1RDdUSRQi/oFb05z8678+F8TleXnPzmAM3A+foFQBKZwQ==</latexit>

Opt



Expert Parallelism

46



Mixture of Experts
• In Transformer blocks, the FFN/MLP accounts for most FLOPs per 

token. We want to increase parameter count while keeping per-token 
FLOPs constant (i.e., reducing FLOPs per parameters). 

• Idea: Mixture-of-Experts (MoE) = many FFN “experts”, but 
activate only k-times per token 

•                                                         (k is small, often 1–2) 
 
 
 

• “Expert” is just naming: it’s an FFN branch, not a model specialist 
by default: it’s unclear if specialisation occurs.
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<latexit sha1_base64="+p9hrLDXVmn3aiswqSideIQX6MA=">AAACKHicbVDLSgNBEJyNr/iOevQyGIR4Cbsi6kUIevEYwZhAEpbZyWwyZGZnmemVxGX/wq/wE7zqB3iTXPVHnMQIxljQUFR1090VxIIbcN2Rk1tYXFpeya+urW9sbm0XdnbvjEo0ZTWqhNKNgBgmeMRqwEGwRqwZkYFg9aB/Nfbr90wbrqJbGMasLUk34iGnBKzkF8qxD/gCtySBnpapUSFIMshKP8KtijO/X6r7euDD0ZFfKLpldwI8T7wpKaIpqn7hs9VRNJEsAiqIMU3PjaGdEg2cCpattRLDYkL7pMualkZEMtNOJ39l+NAqHRwqbSsCPFF/T6REGjOUge0cn2v+emPxP6+ZQHjeTnkUJ8Ai+r0oTAQGhcch4Q7XjIIYWkKo5vZWTHtEEwo2ypktwPsPmU3F+5vBPLk7LnunZe/mpFi5nOaTR/voAJWQh85QBV2jKqohih7RM3pBr86T8+a8O6Pv1pwzndlDM3A+vgCqAqeg</latexit>

pt = softmax(Topk(Wrxt))

<latexit sha1_base64="TLK6CSOgzz3m4LCn28x8JXRFXfo=">AAACInicbVDLSgNBEJz1GeMr6tHLYBAiSNgVUS+CKILHCCYKSVxmJ73JkNkHM71iXPYX/Ao/wat+gDfxJHjzR5w8DiZa0FBUddPd5cVSaLTtT2tqemZ2bj63kF9cWl5ZLayt13SUKA5VHslI3XhMgxQhVFGghJtYAQs8Cdde96zvX9+B0iIKr7AXQzNg7VD4gjM0klso9Vykx7Shk8BN4djJbtPzjMZuiruQNXap70Lp3sWdvFso2mV7APqXOCNSJCNU3MJ3oxXxJIAQuWRa1x07xmbKFAouIcs3Eg0x413WhrqhIQtAN9PBRxndNkqL+pEyFSIdqL8nUhZo3Qs80xkw7OhJry/+59UT9I+aqQjjBCHkw0V+IilGtB8PbQkFHGXPEMaVMLdS3mGKcTQhjm1B0X3ITCrOZAZ/SW2v7ByUncv94snpKJ8c2SRbpEQcckhOyAWpkCrh5JE8kxfyaj1Zb9a79TFsnbJGMxtkDNbXDx1ro3k=</latexit>

yt =
EX

e=1

pt,e fe(xt)

<latexit sha1_base64="Fm3dUKBXIVlTeyo4ax7elSFAfeA="></latexit>

[Topk(v)]i =

8
<

:
vi, if |{j : vj > vi}| < k,

�1, otherwise,
i = 1, . . . , E.

<latexit sha1_base64="MGIOoXVg6pTZAGGVgWGO4yMtdlY="></latexit>

FLOPs/token ⇡ k · FLOPs(FFN.)

<latexit sha1_base64="meeeWryNuUlCwUroevw9mw75rh8=">AAAB+3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMhsw9mesW47Cd41Q/wJl79GM/+iJNkDyaxoKGo6qa7y4ul0Gjb31ZhZXVtfaO4Wdra3tndK+8fNHWUKMYbLJKRantUcylC3kCBkrdjxWngSd7yRjcTv/XIlRZR+IDjmLsBHYTCF4yike6fetgrV+yqPQVZJk5OKpCj3iv/dPsRSwIeIpNU645jx+imVKFgkmelbqJ5TNmIDnjH0JAGXLvp9NSMnBilT/xImQqRTNW/EykNtB4HnukMKA71ojcR//M6CfpXbirCOEEestkiP5EEIzL5m/SF4gzl2BDKlDC3EjakijI06cxtQTF6zkwqzmIGy6R5VnUuqs7deaV2nedThCM4hlNw4BJqcAt1aACDAbzAK7xZmfVufVifs9aClc8cwhysr1+oJZV+</latexit>xt
<latexit sha1_base64="1dUwageqGnkNaJ5qOTHhH7v09dY=">AAAB+3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOJsmQ2dllpleIy36CV/0Ab+LVj/HsjzhJ9mCiBQ1FVTfdXUEshUHX/XIKK6tr6xvFzdLW9s7uXnn/oGmiRDPeYJGMdDughkuheAMFSt6ONadhIHkrGN9M/dYj10ZE6gEnMfdDOlRiIBhFK923erpXrrhVdwbyl3g5qUCOeq/83e1HLAm5QiapMR3PjdFPqUbBJM9K3cTwmLIxHfKOpYqG3Pjp7NSMnFilTwaRtqWQzNTfEykNjZmEge0MKY7MsjcV//M6CQ6u/FSoOEGu2HzRIJEEIzL9m/SF5gzlxBLKtLC3EjaimjK06SxsQTF+ymwq3nIGf0nzrOpdVL2780rtOs+nCEdwDKfgwSXU4Bbq0AAGQ3iGF3h1MufNeXc+5q0FJ585hAU4nz9whJVb</latexit>

Wr

<latexit sha1_base64="mCfWcmnYlD4/tY85kABi0omlGGA=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiibTGqEeiF48YBUmgIdtlCxu222Z3aoKkP8Gr/gBvxqs/xrN/xAV6EPAlk7y8N5OZeUEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeYLGMdSughkuheAMFSt5KNKdRIPljMLyZ+I9PXBsRqwccJdyPaF+JUDCKVroPu163XHGr7hRkmXg5qUCOerf80+nFLI24QiapMW3PTdAfU42CSZ6VOqnhCWVD2udtSxWNuPHH01MzcmKVHgljbUshmap/J8Y0MmYUBbYzojgwi95E/M9rpxhe+WOhkhS5YrNFYSoJxmTyN+kJzRnKkSWUaWFvJWxANWVo05nbgmL4nNlUvMUMlknzrOpdVL2780rtOs+nCEdwDKfgwSXU4Bbq0AAGfXiBV3hzMufd+XA+Z60FJ585hDk4X78hiJUp</latexit>

f1
<latexit sha1_base64="OHpiOKgiRGjbobItduFH6l0+YLY=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF1GPRi8eK9gPaUDbbTbt0swm7E6GG/ASv+gO8iVd/jGf/iNs2B9v6YODx3gwz8/xYcI2O820V1tY3NreK26Wd3b39g/LhUUtHiaKsSSMRqY5PNBNcsiZyFKwTK0ZCX7C2P76d+u0npjSP5CNOYuaFZCh5wClBIz0E/Vq/XHGqzgz2KnFzUoEcjX75pzeIaBIyiVQQrbuuE6OXEoWcCpaVeolmMaFjMmRdQyUJmfbS2amZfWaUgR1EypREe6b+nUhJqPUk9E1nSHCkl72p+J/XTTC49lIu4wSZpPNFQSJsjOzp3/aAK0ZRTAwhVHFzq01HRBGKJp2FLcjHz5lJxV3OYJW0alX3sureX1TqN3k+RTiBUzgHF66gDnfQgCZQGMILvMKblVnv1of1OW8tWPnMMSzA+voFIx2VKg==</latexit>

f2

<latexit sha1_base64="DHP/SkkCLqidvyO8BEpGcQ9TIxg=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rEogseK9gPaUDbbTbt0swm7E6GG/ASv+gO8iVd/jGf/iNs2B9v6YODx3gwz8/xYcI2O820VVlbX1jeKm6Wt7Z3dvfL+QVNHiaKsQSMRqbZPNBNcsgZyFKwdK0ZCX7CWP7qZ+K0npjSP5COOY+aFZCB5wClBIz0EvdteueJUnSnsZeLmpAI56r3yT7cf0SRkEqkgWndcJ0YvJQo5FSwrdRPNYkJHZMA6hkoSMu2l01Mz+8QofTuIlCmJ9lT9O5GSUOtx6JvOkOBQL3oT8T+vk2Bw5aVcxgkySWeLgkTYGNmTv+0+V4yiGBtCqOLmVpsOiSIUTTpzW5CPnjOTiruYwTJpnlXdi6p7f16pXef5FOEIjuEUXLiEGtxBHRpAYQAv8ApvVma9Wx/W56y1YOUzhzAH6+sXQSyVPQ==</latexit>

fE

router
<latexit sha1_base64="Crol4mpsWFIE608DPubmCr9ZMO8=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhNnZ2WTM7Mwy0xuIS8BP8Kof4E28+iue/REnyR5MYkFDUdVNd1eQCG7Adb+dldW19Y3NwlZxe2d3b790cNgwKtWU1akSSrcCYpjgktWBg2CtRDMSB4I1g8HtxG8OmTZcyQcYJcyPSU/yiFMCVmp0hqEC0y2V3Yo7BV4mXk7KKEetW/rphIqmMZNABTGm7bkJ+BnRwKlg42InNSwhdEB6rG2pJDEzfja9doxPrRLiSGlbEvBU/TuRkdiYURzYzphA3yx6E/E/r51CdO1nXCYpMElni6JUYFB48joOuWYUxMgSQjW3t2LaJ5pQsAHNbQE+eBrbVLzFDJZJ47ziXVa8+4ty9SbPp4CO0Qk6Qx66QlV0h2qojih6RC/oFb05z8678+F8zlpXnHzmCM3B+foFF+uW3Q==</latexit>...

experts

<latexit sha1_base64="wuTRWcPrIHwdVMemwTADdbxWqiY=">AAAB+XicbVDLSgNBEOyNrxhfUY9eBoMgCGFXRD0GvXhMwDwgWcLspJMMmZ1dZmaFuOQLvOoHeBOvfo1nf8RJsgeTWNBQVHXT3RXEgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0lCiGdRaJSLUCqlFwiXXDjcBWrJCGgcBmMLqf+s0nVJpH8tGMY/RDOpC8zxk1VqpddIslt+zOQFaJl5ESZKh2iz+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2eHTsiZVXqkHylb0pCZ+ncipaHW4zCwnSE1Q73sTcX/vHZi+rd+ymWcGJRsvqifCGIiMv2a9LhCZsTYEsoUt7cSNqSKMmOzWdhi+Oh5YlPxljNYJY3Lsndd9mpXpcpdlk8eTuAUzsGDG6jAA1ShDgwQXuAV3pzUeXc+nM95a87JZo5hAc7XL5UslEo=</latexit>

+



Formula to compute gradients 48

• We begin with

<latexit sha1_base64="xlUKzYC1WbrmZGpJBQCz7jpmfyY=">AAACdHicbVFNa9wwEJXdJk03X257bA9ql8AGgrFDaXsphPTSQw8JdJPAaiNk7XhXrGwLaVy6Mf6hvRX6H3quvFlossmA4PHezLzhKTNaOUySX0H45OnG5rOt573tnd29/ejFywtX1VbCUFa6sleZcKBVCUNUqOHKWBBFpuEym3/p9MsfYJ2qyu+4MDAuxLRUuZICPcWjG5ZbIRtmhEUlNP3W/scMZ4CCQ9v7zFxdcKSGN3gELT vqsVM1HazN5hwGPzkePrai6z+8bthbhpVp6ZRjzKN+EifLog9BugJ9sqozHv1hk0rWBZQotXBulCYGx01nJbW/ktUOjJBzMYWRh6UowI2bZUYtPfDMhOaV9a9EumTvTjSicG5RZL6zEDhz61pHPqaNasw/jRtVmhqhlLdGea0pVrQLnE6UBYl64YGQVvlbqZwJHxz6b7nngmp+0/pU0vUMHoKL4zj9EKfn7/snp6t8tshr8o4MSEo+khPylZyRIZHkd7AZ7AdR8Dd8E/bDg9vWMFjNvCL3Koz/AWaTv4M=</latexit>

@L

@✓e
=

X

t

pt,e
⇣@fe(xt)

@✓e

⌘>
gt.

<latexit sha1_base64="TLK6CSOgzz3m4LCn28x8JXRFXfo=">AAACInicbVDLSgNBEJz1GeMr6tHLYBAiSNgVUS+CKILHCCYKSVxmJ73JkNkHM71iXPYX/Ao/wat+gDfxJHjzR5w8DiZa0FBUddPd5cVSaLTtT2tqemZ2bj63kF9cWl5ZLayt13SUKA5VHslI3XhMgxQhVFGghJtYAQs8Cdde96zvX9+B0iIKr7AXQzNg7VD4gjM0klso9Vykx7Shk8BN4djJbtPzjMZuiruQNXap70Lp3sWdvFso2mV7APqXOCNSJCNU3MJ3oxXxJIAQuWRa1x07xmbKFAouIcs3Eg0x413WhrqhIQtAN9PBRxndNkqL+pEyFSIdqL8nUhZo3Qs80xkw7OhJry/+59UT9I+aqQjjBCHkw0V+IilGtB8PbQkFHGXPEMaVMLdS3mGKcTQhjm1B0X3ITCrOZAZ/SW2v7ByUncv94snpKJ8c2SRbpEQcckhOyAWpkCrh5JE8kxfyaj1Zb9a79TFsnbJGMxtkDNbXDx1ro3k=</latexit>

yt =
EX

e=1

pt,e fe(xt)
<latexit sha1_base64="+p9hrLDXVmn3aiswqSideIQX6MA=">AAACKHicbVDLSgNBEJyNr/iOevQyGIR4Cbsi6kUIevEYwZhAEpbZyWwyZGZnmemVxGX/wq/wE7zqB3iTXPVHnMQIxljQUFR1090VxIIbcN2Rk1tYXFpeya+urW9sbm0XdnbvjEo0ZTWqhNKNgBgmeMRqwEGwRqwZkYFg9aB/Nfbr90wbrqJbGMasLUk34iGnBKzkF8qxD/gCtySBnpapUSFIMshKP8KtijO/X6r7euDD0ZFfKLpldwI8T7wpKaIpqn7hs9VRNJEsAiqIMU3PjaGdEg2cCpattRLDYkL7pMualkZEMtNOJ39l+NAqHRwqbSsCPFF/T6REGjOUge0cn2v+emPxP6+ZQHjeTnkUJ8Ai+r0oTAQGhcch4Q7XjIIYWkKo5vZWTHtEEwo2ypktwPsPmU3F+5vBPLk7LnunZe/mpFi5nOaTR/voAJWQh85QBV2jKqohih7RM3pBr86T8+a8O6Pv1pwzndlDM3A+vgCqAqeg</latexit>

pt = softmax(Topk(Wrxt)) and
<latexit sha1_base64="9DmWNcydtitsKBu47HqzeyRXZTU=">AAACKXicbZDLSgMxFIYz9VbrrerSTbAIruqMiLosunHhooK9QKcMmTTThmYyY3JGqMM8hk/hI7jVB3CnbvsiphfQth4IfPz/OTnJ78eCa7DtLyu3tLyyupZfL2xsbm3vFHf36jpKFGU1GolINX2imeCS1YCDYM1YMRL6gjX8/vXIbzwypXkk72EQs3ZIupIHnBIwklc86XqAXVCcyK5gD9gNFKGpGxMFnAh8m/3ywIOs4BVLdtkeF14EZwolNK2qVxy6nYgmIZNABdG65dgxtNPRnVSwrOAmmsWE9kmXtQxKEjLdTscfy/CRUTo4iJQ5EvBY/TuRklDrQeibzpBAT897I/E/r5VAcNlOuYwTYJJOFgWJwBDhUUq4wxWjIAYGCFXcvBXTHjHRgMlyZgvw/lNmUnHmM1iE+mnZOS87d2elytU0nzw6QIfoGDnoAlXQDaqiGqLoGb2iN/RuvVgf1qf1PWnNWdOZfTRT1vAHjJyoFQ==</latexit>

gt ,
@L

@yt
• From                  we derive

<latexit sha1_base64="4gA9fOIurJFjGS/1k0f4dUSvDIY="></latexit>

@L

@Wr
=

X

t

⇣
pt,e

⇣
at,e �

EX

j=1

pt,j at,j
⌘⌘

x>
t .

<latexit sha1_base64="5lhoionG81J6g9wjRopsVvJpPTE="></latexit>

@L

@pt,e
= g>t fe(xt)

, at,e.

with

<latexit sha1_base64="gUy6zjiEHexqLY6rSOTfCFVFyxs=">AAAC6XicfVFNixNBEO0Zv9bxK+rRS2sQshjCjMiusCwsK4IHDyuYzUI6O/R0arJN5qPprpFkm7npD/AmXv1Vnv0B/gV7soOarFjQ8HhV9ar6VaIyaTAMv3v+lavXrt/Yuhncun3n7r3O/QfHpqy0gKEos1KfJNxAJgsYosQMTpQGnicZjJL5qyY/+gDayLJ4j0sFk5zPCplKwdFRcecnSzUXlimuUfKMvq3/4EWMdbAfsKqYgk 5cGVhmqjy2sB/Vp/Z1TVVssQ816wfsUM56G1ppDD2nsb0h2ZRun1r2mGGpajpzVGwZwgItLBRopIrjWV0HbO8Z21sbP4q1a2zaWP8/i587yd+auqwQdKvZjzvdcBCugl4GUQu6pI2juPODTUtR5VCgyLgx4yhUOLHNJJGBW7IyoLiY8xmMHSx4DmZiV4ep6VPHTGlaavcKpCv27w7Lc2OWeeIqc7ef2cw15L9y4wrTlxMrC+X+VoiLQWmVUSxpc2U6lRoEZksHuNDS7UrFGXeGOSvWp6Ccn9fOlWjTg8vg+Pkg2hlE7150Dw5bf7bII/KE9EhEdskBeUOOyJAIb+hZ76P3yZ/7n/0v/teLUt9rex6StfC//QLd1fBB</latexit>

@L

@xt
=

EX

e=1

pt,e
⇣@fe(xt)

@xt

⌘>
gt

| {z }
expert path

+ W>
r

@L

@zt| {z }
router path

,

<latexit sha1_base64="/FBNz4pN5e/ASeQSHe9xGOrZiW0="></latexit>

@L

@zt,e
= pt,e

0

@at,e �
EX

j=1

pt,j at,j

1

Awith

This part here can be optimised 
 assuming the expert is a FFN. 

(SONIC by Tri Dao)



MoE Communications

• Experts are sharded across devices: each device stores only a subset of experts 
(weights are not replicated), justifying the name Expert Parallelism. 

• Tokens are routed to experts: each device starts with local hidden state 
then dispatches token embeddings to the devices hosting the selected experts. 

• Communication-heavy step: dispatch/return requires all-to-all exchange 
of activations (tokens move to experts, then outputs move back). 

• Compute happens where the expert lives: each device runs its local expert 
FFNs on the received tokens, then results are combined and restored to 
original token order.
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Balancing Expert Utilization
• Without explicit balancing, the router can collapse: a few experts get 

most tokens while others are under-used (“dead experts”). 

• This creates stragglers (slow experts) and hurts both quality and 
throughput. There exists strategies to mitigate this: 

• Thresholding: limit tokens per expert; overflow tokens are 
dropped, rerouted, or sent to a fallback/shared expert. 

• Auxiliary load-balancing loss: encourage more uniform expert 
usage, typically using 

• importance = average routing probability mass per expert 

• load = fraction/number of tokens actually assigned to each expert

50

<latexit sha1_base64="wWT+53zBpPEnIUnvKoRplIgybwU=">AAACEXicbVDLSsNQEL3xWesr6sKFm2ARXEhJRNRNoejGZYW+oI3h5nbSXnrz4N6JUEO+wk9wqx/gTtz6Ba79EZO2C9t6YOBwzgwzc9xIcIWm+a0tLa+srq0XNoqbW9s7u/reflOFsWTQYKEIZdulCgQPoIEcBbQjCdR3BbTc4W3utx5BKh4GdRxFYPu0H3CPM4qZ5OiHkQOVrop9J8GKlT7UlZPAGaaOXjLL5hjGIrGmpESmqDn6T7cXstiHAJmgSnUsM0I7oRI5E5AWu7GCiLIh7UMnowH1QdnJ+IHUOMmUnuGFMqsAjbH6dyKhvlIj3806fYoDNe/l4n9eJ0bv2k54EMUIAZss8mJhYGjkaRg9LoGhGGWEMsmzWw02oJIyzDKb2YJ8+JSnYs1nsEia52XrsmzdX5SqN9N8CuSIHJNTYpErUiV3pEYahJGUvJBX8qY9a+/ah/Y5aV3SpjMHZAba1y9g+p4I</latexit>

pe =
TX

t=1

se,t

<latexit sha1_base64="gHazQVJbri34AX64OkxKtk2oGUY="></latexit>

Laux /
EX

e=1

fepe

<latexit sha1_base64="1L3/yN0UU5Ym7RX8JEtmFR4hMzs="></latexit>

fe =
TX

t=1

1[ pt,e > 0 ] .



Scaling laws of experts
• Fix the total number of MoE parameters   , the number of experts      , and 

the number of activated parameters per token      . 

• Those parameters do not determine expert size; expert size is set by the 
granularity, defined as  

• Equivalently, G can be define via: the FFN hidden size         of a reference 
dense model versus the FFN hidden size             of an expert, yielding 

• Scaling-law lens: MoE behavior differs from dense models; analyze 
performance as a function of  P, D (training tokens), and G, e.g.
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<latexit sha1_base64="cU9OvCEyeNHpgQiIXuVUYBX6v3o=">AAACKXicbZBNTsMwEIUdfst/gSUbiwqJVUkQApYFhGAZJApITRQ5jlOsOk6wJ0glyjE4BUdgCwdgB2y5CE7pghaeZOnpzYxm/IWZ4Bps+8OamJyanpmtzc0vLC4tr9RX1650mivK2jQVqboJiWaCS9YGDoLdZIqRJBTsOuydVPXre6Y0T+Ul9DPmJ6QrecwpARMF9Z0zDxQnsivYHfZiRWghg8JLCNyqpDh1y9KjUQrYLQvsBkdlUG/YTXsg/Nc4Q9NAQ7lB/cuLUponTAIVROuOY2fgF0QBp4KV816uWUZoj3RZx1hJEqb9YvCxEm+ZJMJxqsyTgAfp74mCJFr3k9B0Vhfr8VoV/lfr5BAf+gWXWQ5M0p9FcS4wpLiihCOuGAXRN4ZQxc2tmN4SQwcMy5EtwHsPFRVnnMFfc7XbdPabzsVeo3U85FNDG2gTbSMHHaAWOkcuaiOKHtEzekGv1pP1Zr1bnz+tE9ZwZh2NyPr6BuoxqEs=</latexit>

G , nEP · P
PA

<latexit sha1_base64="Pxluamdry9EzNo6kQW2INr9bFrE=">AAACCXicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZdFNy4r2Ae0IUymk3boZBJmJkIN/QI/wa1+gDtx61e49kectFnY1gMXDufcyz2cIOFMacf5tkpr6xubW+Xtys7u3n7VPjhsqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScY3+Z+55FKxWLxoCcJ9SI8FCxkBGsj+XZV+Fk/wnoko4wm06lv15y6MwNaJW5BalCg6ds//UFM0ogKTThWquc6ifYyLDUjnE4r/VTRBJMxHtKeoQJHVHnZLPgUnRplgMJYmhEazdS/FxmOlJpEgdnMM6plLxf/83qpDq+9jIkk1VSQ+aMw5UjHKG8BDZikRPOJIZhIZrIiMsISE226Wvii2fgpb8Vd7mCVtM/r7mXdvb+oNW6KfspwDCdwBi5cQQPuoAktIJDCC7zCm/VsvVsf1ud8tWQVN0ewAOvrFzgCm1M=</latexit>nep
<latexit sha1_base64="ApwFYdl3GYsalpOapAAP5SfdZYU=">AAAB+XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5ct2Ae0g2TSTBuayQzJHaEO/QK3+gHuxK1f49ofMW1nYVsPBA7nnMu9OUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN1N/fYT10bE6gHHCfcjOlAiFIyilRr1x3LFrbozkFXi5aQCOWz+p9ePWRpxhUxSY7qem6CfUY2CST4p9VLDE8pGdMC7lioaceNns0Mn5MwqfRLG2j6FZKb+nchoZMw4Cmwyojg0y95U/M/rphje+JlQSYpcsfmiMJUEYzL9NekLzRnKsSWUaWFvJWxINWVou1nYgmL0PLGteMsdrJLWRdW7qnqNy0rtNu+nCCdwCufgwTXU4B7q0AQGHF7gFd6czHl3PpzPebTg5DPHsADn6xfPtZRv</latexit>

P
<latexit sha1_base64="vmhkeQ+6qYG40CGCBzEE/HxRfwI=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHqxWNF+wFtKJvtpl262YTdiVBDfoJX/QHexKs/xrN/xG2bg219MPB4b4aZeX4suEbH+bYKK6tr6xvFzdLW9s7uXnn/oKmjRFHWoJGIVNsnmgkuWQM5CtaOFSOhL1jLH91O/NYTU5pH8hHHMfNCMpA84JSgkR7qveteueJUnSnsZeLmpAI56r3yT7cf0SRkEqkgWndcJ0YvJQo5FSwrdRPNYkJHZMA6hkoSMu2l01Mz+8QofTuIlCmJ9lT9O5GSUOtx6JvOkOBQL3oT8T+vk2Bw5aVcxgkySWeLgkTYGNmTv+0+V4yiGBtCqOLmVpsOiSIUTTpzW5CPnjOTiruYwTJpnlXdi6p7f16p3eT5FOEIjuEUXLiEGtxBHRpAYQAv8ApvVma9Wx/W56y1YOUzhzAH6+sXF96VIw==</latexit>

PA

<latexit sha1_base64="DiGXZpXZreid4/6un502mr4cH7w="></latexit>

min
P,D,G

L(P,D,G) s.t. FLOPs(P,D,G) = C.

<latexit sha1_base64="dedPO1+s2Iaoo7JdLfQRfC373jw=">AAACCnicbVDLSsNAFJ34rPUVdelmsAiuSiKiLotCcSUV7APaECbTSTt0ZhJmJoUa8gd+glv9AHfi1p9w7Y84abOwrQcuHM65l3s4Qcyo0o7zba2srq1vbJa2yts7u3v79sFhS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdJv77TGRikbiUU9i4nE0EDSkGGkj+bY99NMeR3ooeVqv32eZb1ecqjMFXCZuQSqgQMO3f3r9CCecCI0ZUqrrOrH2UiQ1xYxk5V6iSIzwCA1I11CBOFFeOk2ewVOj9GEYSTNCw6n69yJFXKkJD8xmHlItern4n9dNdHjtpVTEiSYCzx6FCYM6gnkNsE8lwZpNDEFYUpMV4iGSCGtT1twXTUdPeSvuYgfLpHVedS+r7sNFpXZT9FMCx+AEnAEXXIEauAMN0AQYjMELeAVv1rP1bn1Yn7PVFau4OQJzsL5+AWBim1w=</latexit>

hFFN
<latexit sha1_base64="HnpIT+3GychzImFOikPcn+Jt5p8=">AAACHnicbVDLSsNAFJ34rPVVdekmWIW6KYmIuiwKxZVUsA9oY5hMb9uhkwczN2IN+QG/wk9wqx/gTtzq2h8xaSvY1gMD555zL/fOcQLBFRrGlzY3v7C4tJxZya6urW9s5ra2a8oPJYMq84UvGw5VILgHVeQooBFIoK4joO70L1K/fgdScd+7wUEAlku7Hu9wRjGR7Nx+z45aLsWedKNy+SqOb6PCbw33AUiMD2M7lzeKxhD6LDHHJE/GqNi571bbZ6ELHjJBlWqaRoBWRCVyJiDOtkIFAWV92oVmQj3qgrKi4W9i/SBR2nrHl8nzUB+qfyci6io1cJ2kMz1UTXup+J/XDLFzZkXcC0IEj40WdUKho6+n0ehtLoGhGCSEMsmTW3XWo5IyTAKc2IK8/5CmYk5nMEtqR0XzpGheH+dL5+N8MmSX7JECMckpKZFLUiFVwsgjeSYv5FV70t60d+1j1DqnjWd2yAS0zx/rgqRA</latexit>

h(expert)
FFN

<latexit sha1_base64="k6FtPt2rccHhF9bHj+rFnUUo5TA="></latexit>

G =
hFFN

h(expert)
FFN

.



EP Summary
• What’s sharded: Experts (FFNs) are partitioned across GPUs; each GPU stores a 

subset of experts. 

• Memory footprint: Per-GPU expert parameters + optimizer state. 

• Communications: 

• Pattern: all-to-all to dispatch token activations to the GPUs hosting selected 
experts, then all-to-all to return/combine expert outputs (and similarly in backward). 

• Volume: scales with the number of routed of tokens, activated experts and size. 

• When it bottlenecks: 

• Comm-bound: all-to-all dominates (large number of tokens, hidden dimension, 
number of MoE will be restricted by a poor interconnect). 

• Imbalance-bound: routing is uneven (some experts/GPUs get many more tokens) 
and per-expert token batches are irregular. 

• Primary goal: MoE scale up by increasing total parameters without replicating experts 
everywhere; enables larger models at similar FLOPs/token as a dense counter-part. 

• Statistical efficiency: can be affected by routing (load-balancing), but EP is mainly a 
systems choice; most training dynamics changes come from the MoE/router design.
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Back to TorchTitan
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Interaction with torchtitan
• To guarantee composability, frameworks like torchtitan enforce applying 

parallelism/optimizations in a specific sequence (each step assumes the 
previous transforms are already in place). 

• Where this is encoded: in TorchTitan, infra/parallelize.py is 
organized around this recommended application order: 

• TP (and EP for MoE models) 

• Activation checkpointing 

• torch.compile

• HSDP 

• Intuition: partition the model first (TP/EP), reduce activation memory next 
(checkpointing), compile once the graph is stable, then add sharding (HSDP) 
after module boundaries are finalized.
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Conclusion

• Today’s lab will study PP!
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