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What you will learn today

• Latency vs throughput (and why it matters) 

• Roofline intuition: when you’re compute-bound vs memory-
bound 

• Parallelism 101: the main ways to scale 

• MFU: a simple “are we using the GPU well?” metric
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Why LLMs Run on Multiple GPUs

• Training large language models is extremely compute-
intensive: most of the work is in linear algebra operations (especially 
large matrix multiplications) in Transformer layers. 

• These operations are highly parallelizable, so they can be executed 
concurrently on many small compute units. 

• Accelerators like GPUs were originally designed for graphics and dense 
linear algebra, making them ideal for training and running LLMs. 

• Modern models are too large for a single GPU, so we distribute them 
across many GPUs. (other accelerators exist, e.g., TPUs) 

• A key challenge is to make multiple GPUs behave like one big 
accelerator, coordinating communication and synchronization efficiently.
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Understanding GPUs

4



Throughput vs Latency: System Fundamentals

• Throughput is the sustained rate of completed work (items/second) 

• Latency is the elapsed time for one item to finish (request → 
response). 

• Throughput is bounded by the slowest stage and available parallelism. 

• When each task is small, startup dominates: speeding up the task itself 
barely changes end-to-end time, and throughput won’t improve unless 
you run many tasks in parallel.
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Is training related  
to latency  

or throughput?

Inference?



Type of memories

• Memory is where data resides during computation. Key aspects are 
latency (access time), bandwidth (bytes/s) and capacity. 

• Caches are transparent copies managed by hardware/OS to exploit 
temporal/spatial locality. They’re in general small (because expensive). 

• Buffers are explicit programmer- or runtime-managed regions that 
stage data for being re-used. 

• For example: on a GPU, the on-chip SRAM cache has about 10× 
higher bandwidth than HBM main memory, but is roughly 1000× 
smaller in capacity: it’s very fast but tiny, versus HBM which is slower 
but huge.
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GPU vs CPUs
• CPUs aim for low latency: a small number of cores with low-bandwidth/low-

memory to finish one job quickly. 

• GPUs aim for high throughput: many simpler cores running many similar 
tasks at once with high-bandwidth/high-latency memory. 

• How they hide waiting:  

• CPUs keep one task moving with fast caches and smart reordering;  

• GPUs keep the machine busy by switching to another task whenever one is 
waiting on data. 

• This is why GPUs are excellent for performing linear algebra. 

• Once parallelism is high, memory bandwidth and collective sync costs 
dominate end-to-end time.
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Roofline model

• Suppose we have a black-box routine that does some amount of 
computation (W, measured in FLOPs) and reads/writes M data in slow 
memory. Its Arithmetic Intensity (AI) in FLOPs/bytes is: 

• Note: cache hits are not counted here, only off-chip (HBM/DRAM) 
memory accesses.(/!\) 

• Then, the possible performance depends on the hardware as:
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<latexit sha1_base64="Q7Rm8cPQdpkIwLirfFBn50fGOas="></latexit>

I =
W

M
=

FLOPs

memory accesses
.

<latexit sha1_base64="MLmboJ1KcU8rQmb42cxLRyKjqnk="></latexit>

AttainablePerformance(I) = min(Peak Performance, I ·Memory Bandwidth ).
FLOPs/s FLOPs/s Bytes/s



Roofline Diagram
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Arithmetic Intensity  
(FLOPs/bytes)

Performance 
(FLOPs/s)

Peak performance

Peak performance

Memory bandwidth

<latexit sha1_base64="7VACkaJvpBl6Ao+ZsL9ec/cJsWQ=">AAAB/HicbVBNS8NAEJ34WetX1aOXYBHEQ0lE1ItQ9KK3CvYD2lg22027dLMJuxOhhvoTvOoP8CZe/S+e/SNu2xxs64OBx3szzMzzY8E1Os63tbC4tLyymlvLr29sbm0XdnZrOkoUZVUaiUg1fKKZ4JJVkaNgjVgxEvqC1f3+9civPzKleSTvcRAzLyRdyQNOCY6k24fjy3ah6JScMex54makCBkq7cJPqxPRJGQSqSBaN10nRi8lCjkVbJhvJZrFhPZJlzUNlSRk2kvHtw7tQ6N07CBSpiTaY/XvREpCrQehbzpDgj09643E/7xmgsGFl3IZJ8gknSwKEmFjZI8etztcMYpiYAihiptbbdojilA08UxtQd5/GppU3NkM5kntpOSeldy702L5KssnB/twAEfgwjmU4QYqUAUKPXiBV3iznq1368P6nLQuWNnMHkzB+voFbQ+VSw==</latexit>

I⇤ =

Understanding the limits of a GPU (or any other types of hardware) can be simply 
understood via this diagram.

Compute bounded
Memory 
 bounded



Matrix multiplication on GPUs
• Dense matrix multiplications are simple, uniform, and 

massively parallel, which makes them easy to implement efficiently 
in CUDA (the GPU programming model). 

• Matrix multiplications have high arithmetic intensity: with 
proper tiling, each value loaded from memory can be reused many 
times, so we do lots of FLOPs per byte of I/O. 

• Modern GPUs expose Tensor Core primitives that perform 
small matrix multiplications (e.g. 16×16) extremely efficiently, 
especially in low/mixed precision. 

• Libraries (cuBLAS, PyTorch) and compilers rewrite large 
matrix multiplications into sequences of these Tensor Core 
instructions to reach peak GPU throughput.
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Examples of GPUs spec

• Memory capacity, memory bandwidth (BW), and peak arithmetic 
intensity (AI), peak FLOPs, all measured in half precision (FP16):
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Now let’s apply the Roofline model to a transformer

<latexit sha1_base64="wugbUQ0KTEmD1+E6KNO+ScKDMpI="></latexit>

GPU Mem [GB] Mem BW [TB/s] FP16 peak [pFLOPs] AI FP16 [FLOPs/B]

V100 32 1.1 0.13 110

A100 80 2.0 0.31 160

H100 80 3.3 2.0 590

H200 141 4.8 2.0 410

B200 180 8.0 2.3 280



Application: Matrix multiplication

• Let’s compute the arithmetic intensity: 

• FLOPs : 

• I/O:
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• Consider the multiplication of a matrix A with L tokens:
<latexit sha1_base64="ER15V1OOuY+T9GrDHXGajw1deW4=">AAACF3icbVDLSgMxFM3UV62vqksRgkVwVWZE1GXVjcsq9gGdsWQyaRuayQzJHaEOXfkVfoJb/QB34tala3/ETNuFbT0QOJxzL+fm+LHgGmz728otLC4tr+RXC2vrG5tbxe2duo4SRVmNRiJSTZ9oJrhkNeAgWDNWjIS+YA2/f5X5jQemNI/kHQxi5oWkK3mHUwJGahf3L7DLJXZDAj3fT2+H92mAXeAh01gO28WSXbZHwPPEmZASmqDaLv64QUSTkEmggmjdcuwYvJQo4FSwYcFNNIsJ7ZMuaxkqicnx0tE3hvjQKAHuRMo8CXik/t1ISaj1IPTNZHaunvUy8T+vlUDn3Eu5jBNgko6DOonAEOGsExxwxSiIgSGEKm5uxbRHFKFgmptKAd5/zFpxZjuYJ/XjsnNadm5OSpXLST95tIcO0BFy0BmqoGtURTVE0RN6Qa/ozXq23q0P63M8mrMmO7toCtbXL1AsoBY=</latexit>

A 2 Rd⇥n

<latexit sha1_base64="9r1bVtUQDXDpgmxeBf5i6B4cXqw=">AAACFnicbVC7TsNAEDyHVwgvAyUUJyIkKstGCCgjaCgoAiIPKTbW+XJOTjmfrbszSrDc8BV8Ai18AB2ipaXmR7ATFyRhpJVGM7va3fEiRqUyzW+ttLC4tLxSXq2srW9sbunbO00ZxgKTBg5ZKNoekoRRThqKKkbakSAo8BhpeYPL3G89ECFpyO/UKCJOgHqc+hQjlUmuvj90LcMwhu41tCmHdoBU3/OS2/Q+4amrV03DHAPOE6sgVVCg7uo/djfEcUC4wgxJ2bHMSDkJEopiRtKKHUsSITxAPdLJKEcBkU4y/iKFh5nShX4osuIKjtW/EwkKpBwFXtaZXylnvVz8z+vEyj93EsqjWBGOJ4v8mEEVwjwS2KWCYMVGGUFY0OxWiPtIIKyy4Ka2KDp4zFOxZjOYJ81jwzo1rJuTau2iyKcM9sABOAIWOAM1cAXqoAEweAIv4BW8ac/au/ahfU5aS1oxswumoH39AgKen14=</latexit>

x1...xL 2 Rn

<latexit sha1_base64="PIb+fxTnYYIjGY4YdN23tsL7vfg=">AAACD3icbVDLSsNAFJ34rPUVFVduBovgooRERN0IVTcuuqhgH9CGMJlO26GTSZiZiDH0I/wEt/oB7sStn+DaH3HSZmFbD1w495x7uZfjR4xKZdvfxsLi0vLKamGtuL6xubVt7uw2ZBgLTOo4ZKFo+UgSRjmpK6oYaUWCoMBnpOkPbzK/+UCEpCG/V0lE3AD1Oe1RjJSWPHM/8ZzLq0fPKVuWVU68atZUPbNkW/YYcJ44OSmBHDXP/Ol0QxwHhCvMkJRtx46UmyKhKGZkVOzEkkQID1GftDXlKCDSTcfvj+CRVrqwFwpdXMGx+ncjRYGUSeDryQCpgZz1MvE/rx2r3oWbUh7FinA8OdSLGVQhzLKAXSoIVizRBGFB9a8QD5BAWOnEpq4oOnwa6VSc2QzmSePEcs4s5+60VLnO8ymAA3AIjoEDzkEF3IIaqAMMUvACXsGb8Wy8Gx/G52R0wch39sAUjK9fwhqbTg==</latexit>

y1 = Ax1, ..., yL = AxL
read once A

read every 
write every

<latexit sha1_base64="rkd8qntlLKefX/CTrd2AyaJv3wE=">AAAB+3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMhsw9mesW47Cd41Q/wJl79GM/+iJNkDyaxoKGo6qa7y4ul0Gjb31ZhZXVtfaO4Wdra3tndK+8fNHWUKMYbLJKRantUcylC3kCBkrdjxWngSd7yRjcTv/XIlRZR+IDjmLsBHYTCF4yike6ferJXrthVewqyTJycVCBHvVf+6fYjlgQ8RCap1h3HjtFNqULBJM9K3UTzmLIRHfCOoSENuHbT6akZOTFKn/iRMhUimap/J1IaaD0OPNMZUBzqRW8i/ud1EvSv3FSEcYI8ZLNFfiIJRmTyN+kLxRnKsSGUKWFuJWxIFWVo0pnbgmL0nJlUnMUMlknzrOpcVJ2780rtOs+nCEdwDKfgwCXU4Bbq0AAGA3iBV3izMuvd+rA+Z60FK585hDlYX7+bfZV2</latexit>xl

<latexit sha1_base64="44QTxrSAAOdCUXuW465Z6BBMyN4=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWNFWwttKJvtpl262YTdiRBDfoJX/QHexKs/xrN/xG2bg219MPB4b4aZeX4suEbH+bZKK6tr6xvlzcrW9s7uXnX/oK2jRFHWopGIVMcnmgkuWQs5CtaJFSOhL9ijP76Z+I9PTGkeyQdMY+aFZCh5wClBI92nfdGv1py6M4W9TNyC1KBAs1/96Q0imoRMIhVE667rxOhlRCGnguWVXqJZTOiYDFnXUElCpr1sempunxhlYAeRMiXRnqp/JzISap2GvukMCY70ojcR//O6CQZXXsZlnCCTdLYoSISNkT352x5wxSiK1BBCFTe32nREFKFo0pnbgnz8nJtU3MUMlkn7rO5e1N2781rjusinDEdwDKfgwiU04Baa0AIKQ3iBV3izcuvd+rA+Z60lq5g5hDlYX7+dFJV3</latexit>yl

<latexit sha1_base64="rpt8Fhr1yv6rSzXwJ+qY1CLI/R8=">AAAB/HicbVBNS8NAEJ34WetX1aOXYBE8laSIeix68eChgv2ANpTNdtMu3WzC7kSoof4Er/oDvIlX/4tn/4ibNgfb+mDg8d4MM/P8WHCNjvNtrayurW9sFraK2zu7e/ulg8OmjhJFWYNGIlJtn2gmuGQN5ChYO1aMhL5gLX90k/mtR6Y0j+QDjmPmhWQgecApwUyq3sl+r1R2Ks4U9jJxc1KGHPVe6afbj2gSMolUEK07rhOjlxKFnAo2KXYTzWJCR2TAOoZKEjLtpdNbJ/apUfp2EClTEu2p+nciJaHW49A3nSHBoV70MvE/r5NgcOWlXMYJMklni4JE2BjZ2eN2nytGUYwNIVRxc6tNh0QRiiaeuS3IR08Tk4q7mMEyaVYr7kXFvT8v167zfApwDCdwBi5cQg1uoQ4NoDCEF3iFN+vZerc+rM9Z64qVzxzBHKyvX9VUlY0=</latexit>

2Lnd

<latexit sha1_base64="t9KzJyfU1NF+160g/rbL5kUCzsU=">AAACAHicbVBNS8NAEJ3Ur1q/qh69BIsgFEoioh6LXjz0UMHWQhvKZrNpl242YXci1NKLP8Gr/gBv4tV/4tk/4rbNwbY+GHi8N8PMPD8RXKPjfFu5ldW19Y38ZmFre2d3r7h/0NRxqihr0FjEquUTzQSXrIEcBWslipHIF+zBH9xM/IdHpjSP5T0OE+ZFpCd5yClBI7UCWZa1clDrFktOxZnCXiZuRkqQod4t/nSCmKYRk0gF0brtOgl6I6KQU8HGhU6qWULogPRY21BJIqa90fTesX1ilMAOY2VKoj1V/06MSKT1MPJNZ0Swrxe9ifif104xvPJGXCYpMklni8JU2Bjbk+ftgCtGUQwNIVRxc6tN+0QRiiaiuS3IB09jk4q7mMEyaZ5V3IuKe3deql5n+eThCI7hFFy4hCrcQh0aQEHAC7zCm/VsvVsf1uesNWdlM4cwB+vrF27Elvc=</latexit>

dn+ nL+ dL
<latexit sha1_base64="mJc7eeG92krko45DKhbdk7VYmPY="></latexit>

AIMatrix =
2Lnd

dn+ nL+ dL



Application: Attention

• Attention is performed via: 

• FLOPs: 

• I/O: 
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<latexit sha1_base64="ddcK2KUPljD7RCRLCoZ4BQhCoiA=">AAACGHicbVC7TgJBFJ3FF+ILtTQxE4mJFdk1Ri2JNhYUaHglLJDZYYAJs7PrzF0T3ND5FX6CrX6AnbG1s/ZHnAUKAU8yyck59+bcOV4ouAbb/rZSS8srq2vp9czG5tb2TnZ3r6qDSFFWoYEIVN0jmgkuWQU4CFYPFSO+J1jNG1wnfu2BKc0DWYZhyJo+6Une5ZSAkdrZw/tBq+xyiV2fQN/z4rtRKy66wH2mcXHUzubsvD0GXiTOlOTQFKV29sftBDTymQQqiNYNxw6hGRMFnAo2yriRZiGhA9JjDUMlMTnNePyPET42Sgd3A2WeBDxW/27ExNd66HtmMrlWz3uJ+J/XiKB72Yy5DCNgkk6CupHAEOCkFNzhilEQQ0MIVdzcimmfKELBVDeTAnzwmLTizHewSKqneec879ye5QpX037S6AAdoRPkoAtUQDeohCqIoif0gl7Rm/VsvVsf1udkNGVNd/bRDKyvX9sPoPM=</latexit>

qkT 2 RL⇥L
<latexit sha1_base64="/xAj2eSfOMzZc+l5hRYanM4PoGI=">AAACBHicbVDLSsNAFJ3UV62vqks3g0Wom5KIqMuiG5cV+oImlsl00g6dTOLMjVBDt36CW/0Ad+LW/3Dtjzhts7CtBy4czrmXczl+LLgG2/62ciura+sb+c3C1vbO7l5x/6Cpo0RR1qCRiFTbJ5oJLlkDOAjWjhUjoS9Yyx/eTPzWI1OaR7IOo5h5IelLHnBKwEiuq3k/JOWH4X39tFss2RV7CrxMnIyUUIZat/jj9iKahEwCFUTrjmPH4KVEAaeCjQtuollM6JD0WcdQSUKmvXT68xifGKWHg0iZkYCn6t+LlIRaj0LfbIYEBnrRm4j/eZ0Egisv5TJOgEk6CwoSgSHCkwJwjytGQYwMIVRx8yumA6IIBVPTXArw4dPYtOIsdrBMmmcV56Li3J2XqtdZP3l0hI5RGTnoElXRLaqhBqIoRi/oFb1Zz9a79WF9zlZzVnZziOZgff0CzkeY2Q==</latexit>

�(qkT )
<latexit sha1_base64="vTbPoaxGUv40M+sQrng9zYaLV/U=">AAACCXicbVDLSgMxFM34rPXRUZdugkWomzIjom6EohuXFfqCdiyZNNOGSTJjkinUoV/gJ7jVD3Anbv0K1/6IaTsL23rgwuGcezmX48eMKu0439bK6tr6xmZuK7+9s7tXsPcPGipKJCZ1HLFItnykCKOC1DXVjLRiSRD3GWn64e3Ebw6JVDQSNT2KicdRX9CAYqSN1LUL0XVH0T5HpcfwoXY67NpFp+xMAZeJm5EiyFDt2j+dXoQTToTGDCnVdp1YeymSmmJGxvlOokiMcIj6pG2oQJwoL50+PoYnRunBIJJmhIZT9e9FirhSI+6bTY70QC16E/E/r53o4MpLqYgTTQSeBQUJgzqCkxZgj0qCNRsZgrCk5leIB0girE1Xcymahk9j04q72MEyaZyV3Yuye39erNxk/eTAETgGJeCCS1ABd6AK6gCDBLyAV/BmPVvv1of1OVtdsbKbQzAH6+sXj6CaSg==</latexit>

o = �(qkT )v

<latexit sha1_base64="SF0QNXAsnX8HnRrzDIpUe4yQkvY=">AAACBHicbVDLSsNAFL3xWeur6tJNsAiVQkmCr2XRjQsXFewD2lgmk0k7dDIJMxOhhm79BLf6Ae7Erf/h2h9x2mZhWw9cOJxzL+dyvJhRqSzr21haXlldW89t5De3tnd2C3v7DRklApM6jlgkWh6ShFFO6ooqRlqxICj0GGl6g+ux33wkQtKI36thTNwQ9TgNKEZKS53bB6fk+OWzsuOfdAtFq2JNYC4SOyNFyFDrFn46foSTkHCFGZKybVuxclMkFMWMjPKdRJIY4QHqkbamHIVEuunk55F5rBXfDCKhhytzov69SFEo5TD09GaIVF/Oe2PxP6+dqODSTSmPE0U4ngYFCTNVZI4LMH0qCFZsqAnCgupfTdxHAmGla5pJUXTwNNKt2PMdLJKGU7HPK/bdabF6lfWTg0M4ghLYcAFVuIEa1AFDDC/wCm/Gs/FufBif09UlI7s5gBkYX7+LxJdx</latexit>

L2(2d+ 5 + 2d)

<latexit sha1_base64="n/+WSz1eh4jsy+IyQ2Sm+2s3NVo=">AAACFHicbVDLSgMxFM3UV62vUXe6CRahZaDMDKIui25cdFHBPqAdSyaTaUMzD5KMUIeCX+EnuNUPcCdu3bv2R0zbWdjWAwkn59zLvTluzKiQpvmt5VZW19Y38puFre2d3T19/6ApooRj0sARi3jbRYIwGpKGpJKRdswJClxGWu7weuK3HggXNArv5CgmToD6IfUpRlJJPf2oZNc8o3Zvlw1b3UZp9jJqXrmnF82KOQVcJlZGiiBDvaf/dL0IJwEJJWZIiI5lxtJJEZcUMzIudBNBYoSHqE86ioYoIMJJp38Yw1OleNCPuDqhhFP1b0eKAiFGgasqAyQHYtGbiP95nUT6l05KwziRJMSzQX7CoIzgJBDoUU6wZCNFEOZU7QrxAHGEpYptboqkw8exSsVazGCZNO2KdV6xbs+K1assnzw4BiegBCxwAargBtRBA2DwBF7AK3jTnrV37UP7nJXmtKznEMxB+/oFBVSbyw==</latexit>

(2Ld+ L2) + 2L2 + (Ld+ L2 + Ld)

<latexit sha1_base64="4ycK+TqAl7L/QEe2yrrqBP9F1XM=">AAACFnicbVC7TsNAEDyHVwgvAyUUJyIkKstGCCgjaCgoAiIPKTHW+XxOTjmfnbszUrDc8BV8Ai18AB2ipaXmR7ATFyRhpJVGM7va3XEjRqUyzW+ttLC4tLxSXq2srW9sbunbO00ZxgKTBg5ZKNoukoRRThqKKkbakSAocBlpuYPL3G89ECFpyO/UKCJ2gHqc+hQjlUmOvj90LMMwhs417FIOuwFSfddNbtP7xEsdvWoa5hhwnlgFqYICdUf/6XohjgPCFWZIyo5lRspOkFAUM5JWurEkEcID1COdjHIUEGkn4y9SeJgpHvRDkRVXcKz+nUhQIOUocLPO/Eo56+Xif14nVv65nVAexYpwPFnkxwyqEOaRQI8KghUbZQRhQbNbIe4jgbDKgpvaoujgMU/Fms1gnjSPDevUsG5OqrWLIp8y2AMH4AhY4AzUwBWogwbA4Am8gFfwpj1r79qH9jlpLWnFzC6Ygvb1C9s9n0Y=</latexit>

q1...qL 2 Rd
<latexit sha1_base64="gagDVErdUClZ2wU7GZFv5BdilyM=">AAACFnicbVC7TsNAEDyHVwgvAyUUJyIkKstGCCgjaCgoAiIPKTbW+XxOTj6frbszUrDc8BV8Ai18AB2ipaXmR7CTFCRhpJVGM7va3fESRqUyzW+tsrC4tLxSXa2trW9sbunbO20ZpwKTFo5ZLLoekoRRTlqKKka6iSAo8hjpeOFl6XceiJA05ndqmBAnQn1OA4qRKiRX3w9dyzCM0L2GNuXQjpAaeF52m99nfu7qddMwR4DzxJqQOpig6eo/th/jNCJcYYak7FlmopwMCUUxI3nNTiVJEA5Rn/QKylFEpJONvsjhYaH4MIhFUVzBkfp3IkORlMPIKzrLK+WsV4r/eb1UBedORnmSKsLxeFGQMqhiWEYCfSoIVmxYEIQFLW6FeIAEwqoIbmqLouFjmYo1m8E8aR8b1qlh3ZzUGxeTfKpgDxyAI2CBM9AAV6AJWgCDJ/ACXsGb9qy9ax/a57i1ok1mdsEUtK9fxyGfOg==</latexit>

k1...kL 2 Rd
<latexit sha1_base64="t9jyIPrOJU0I3lNwaVQt2v6GgO4=">AAACFnicbVC7TsNAEDzzDOFloITiRIREZdkIAWUEDQVFQOQhxcY6n8/JKeezdXeOFCw3fAWfQAsfQIdoaan5EezEBUkYaaXRzK52d7yYUalM81tbWFxaXlmtrFXXNza3tvWd3ZaMEoFJE0csEh0PScIoJ01FFSOdWBAUeoy0vcFV4beHREga8Xs1iokToh6nAcVI5ZKrHwxdyzCMoXsDbcqhHSLV97z0LntI/czVa6ZhjgHniVWSGijRcPUf249wEhKuMENSdi0zVk6KhKKYkaxqJ5LECA9Qj3RzylFIpJOOv8jgUa74MIhEXlzBsfp3IkWhlKPQyzuLK+WsV4j/ed1EBRdOSnmcKMLxZFGQMKgiWEQCfSoIVmyUE4QFzW+FuI8EwioPbmqLooPHIhVrNoN50joxrDPDuj2t1S/LfCpgHxyCY2CBc1AH16ABmgCDJ/ACXsGb9qy9ax/a56R1QStn9sAUtK9f6/+fUA==</latexit>

v1...vL 2 Rd

<latexit sha1_base64="2eTJ1bS6G2d0jXy8kZOt6Ar/mj4=">AAACFnicbVC7TsMwFHXKq5RXgBEGiwqJKUoQAsYKFgaGguhDakrkuE5r1bEj20EqURa+gk9ghQ9gQ6yszPwISZuBthzpSkfn3Kt77/EjRpW27W+jtLC4tLxSXq2srW9sbpnbO00lYolJAwsmZNtHijDKSUNTzUg7kgSFPiMtf3iZ+60HIhUV/E6PItINUZ/TgGKkM8kz94XnWJYlvGvoUg7dEOmB7ye36X3SSz2zalv2GHCeOAWpggJ1z/xxewLHIeEaM6RUx7Ej3U2Q1BQzklbcWJEI4SHqk05GOQqJ6ibjL1J4mCk9GAiZFddwrP6dSFCo1Cj0s878SjXr5eJ/XifWwXk3oTyKNeF4siiIGdQC5pHAHpUEazbKCMKSZrdCPEASYZ0FN7VF0+Fjnoozm8E8aR5bzqnl3JxUaxdFPmWwBw7AEXDAGaiBK1AHDYDBE3gBr+DNeDbejQ/jc9JaMoqZXTAF4+sX1ImfQg==</latexit>

o1...oL 2 Rd

and
<latexit sha1_base64="UKWxlkbSjopw3ZgLu4eQOfHXk78="></latexit>

� : RL ! RL, �(x)i =
exp(xi �maxk xk)PL
j=1 exp(xj �maxk xk)

<latexit sha1_base64="ZAETqaYaB3u+FF7FCjXt6t60yPs="></latexit>

AIAttention =
L(4d+ 5)

4(d+ L)



The challenge to speed-up attention
• In practice, attention is memory-bound: the main cost is I/O. 

• Speedups come from reducing I/O.. 

• Tiling strategy: split Q/K/V/O into blocks that fit in on-chip 
memory and use a recursive relation to compute the output O. 
 
 
 
 
 
 

• For each tile: load once, do all computations, write only the final 
outputs and never materialize the full attention matrix.

14



Application: Flash attention 15

• Assume the existence of a fast cache of size  

<latexit sha1_base64="iwB654cQDHl+JedmqXxlZ4I8kDM=">AAACCXicbVDLSsNAFJ3UV62PRl26GSyCq5CIqFCEUjcuK9gHpCFMppN26GSSzkyEGvoFfoJb/QB34tavcO2POG2zsK0HLhzOuZdzOUHCqFS2/W0U1tY3NreK26Wd3b39snlw2JJxKjBp4pjFohMgSRjlpKmoYqSTCIKigJF2MLyd+u1HIiSN+YMaJ8SLUJ/TkGKktOSb5dGNO/KdqmVZ1ZFf93yzYlv2DHCVODmpgBwN3/zp9mKcRoQrzJCUrmMnysuQUBQzMil1U0kShIeoT1xNOYqI9LLZ4xN4qpUeDGOhhys4U/9eZCiSchwFejNCaiCXvan4n+emKrz2MsqTVBGO50FhyqCK4bQF2KOCYMXGmiAsqP4V4gESCCvd1UKKosOniW7FWe5glbTOLefScu4vKrV63k8RHIMTcAYccAVq4A40QBNgkIIX8ArejGfj3fgwPuerBSO/OQILML5+AQUwmVU=</latexit>

q = [q1; ...; qB ]
<latexit sha1_base64="NZiv9DhOelgICxP2zuh1aPpnV/o=">AAACCXicbVDLSsNAFJ3UV62PRl26GSyCq5CIqFCEYjcuK9gHpCFMppN2yGQSZiZCDf0CP8GtfoA7cetXuPZHnLZZ2NYDFw7n3Mu5nCBlVCrb/jZKa+sbm1vl7crO7t5+1Tw47MgkE5i0ccIS0QuQJIxy0lZUMdJLBUFxwEg3iJpTv/tIhKQJf1DjlHgxGnIaUoyUlnyzGt24ke/ULcuqR37T882abdkzwFXiFKQGCrR886c/SHAWE64wQ1K6jp0qL0dCUczIpNLPJEkRjtCQuJpyFBPp5bPHJ/BUKwMYJkIPV3Cm/r3IUSzlOA70ZozUSC57U/E/z81UeO3llKeZIhzPg8KMQZXAaQtwQAXBio01QVhQ/SvEIyQQVrqrhRRFo6eJbsVZ7mCVdM4t59Jy7i9qjduinzI4BifgDDjgCjTAHWiBNsAgAy/gFbwZz8a78WF8zldLRnFzBBZgfP0C6ZWZRA==</latexit>

k = [k1; ...; kC ]
<latexit sha1_base64="9MDOrCakW3Kgr7kTNJZ/8dYf8Vw=">AAACCXicbVDLSsNAFJ34rPXRqEs3g0VwFRIRFYpQ7MZlBfuANITJdNIOnUzCzCRQQ7/AT3CrH+BO3PoVrv0Rp20WtvXAhcM593IuJ0gYlcq2v4219Y3Nre3STnl3b/+gYh4etWWcCkxaOGax6AZIEkY5aSmqGOkmgqAoYKQTjBpTv5MRIWnMH9U4IV6EBpyGFCOlJd+sZLdu5js1y7Jqmd/wfLNqW/YMcJU4BamCAk3f/On1Y5xGhCvMkJSuYyfKy5FQFDMyKfdSSRKER2hAXE05ioj08tnjE3imlT4MY6GHKzhT/17kKJJyHAV6M0JqKJe9qfif56YqvPFyypNUEY7nQWHKoIrhtAXYp4JgxcaaICyo/hXiIRIIK93VQoqio6eJbsVZ7mCVtC8s58pyHi6r9buinxI4AafgHDjgGtTBPWiCFsAgBS/gFbwZz8a78WF8zlfXjOLmGCzA+PoFHw2ZZQ==</latexit>

v = [v1; ...; vC ]
<latexit sha1_base64="TB6MjQS0ag/g/3ffbp+KvcP5+MM=">AAACCXicbVDLSsNAFJ3UV62PRl26GSyCq5CIqFCEUjcuK9gHtCFMppN26GQmzEyEGvoFfoJb/QB34tavcO2POG2zsK0HLhzOuZdzOWHCqNKu+20V1tY3NreK26Wd3b39sn1w2FIilZg0sWBCdkKkCKOcNDXVjHQSSVAcMtIOR7dTv/1IpKKCP+hxQvwYDTiNKEbaSIFdFjddEXhVx3GqIqj7gV1xHXcGuEq8nFRAjkZg//T6Aqcx4RozpFTXcxPtZ0hqihmZlHqpIgnCIzQgXUM5ionys9njE3hqlD6MhDTDNZypfy8yFCs1jkOzGSM9VMveVPzP66Y6uvYzypNUE47nQVHKoBZw2gLsU0mwZmNDEJbU/ArxEEmEtelqIUXT0dPEtOItd7BKWueOd+l49xeVWj3vpwiOwQk4Ax64AjVwBxqgCTBIwQt4BW/Ws/VufVif89WCld8cgQVYX7/7a5lP</latexit>

o = [o1; ...; oB ]

I/O:

Load

<latexit sha1_base64="VTTQqf1k8M0RwMnRMnAupRtSIh4=">AAACHHicbVDLTgJBEJzFF+IL9ehlAjHxRHaNUY9ELh4xkUcChMwOvTBhdmcz02vEDXe/wk/wqh/gzXg18eyPuAuYCFinSlV3urrcUAqDtv1lZVZW19Y3spu5re2d3b38/kHdqEhzqHEllW66zIAUAdRQoIRmqIH5roSGO6ykfuMOtBEquMVRCB2f9QPhCc4wkbr5QhvhHl0v9pSmY8ppWwKt0F+V9tS4my/aJXsCukycGSmSGard/He7p3jkQ4BcMmNajh1iJ2YaBZcwzrUjAyHjQ9aHVkID5oPpxJNfxvQ4UXo0TeOpAOlE/bsRM9+Yke8mkz7DgVn0UvE/rxWhd9mJRRBGCAGfHvIiSVHRtBjaExo4ylFCGNciyUr5gGnGMalv7gqK4UPairPYwTKpn5ac85Jzc1YsX836yZIjUiAnxCEXpEyuSZXUCCeP5Jm8kFfryXqz3q2P6WjGmu0ckjlYnz8RtaIJ</latexit>

for c  C do
<latexit sha1_base64="CasiUe5gveeqTOQajfepumTequc=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBA8SNgVUY9BLx4jmAckyzI7mU2GzD6Y6Q3EJRc/wat+gDfx6p949kecJHswiQUNRVU33V1+IoVG2/62VlbX1jc2C1vF7Z3dvf3SwWFDx6livM5iGauWTzWXIuJ1FCh5K1Gchr7kTX9wN/GbQ660iKNHHCXcDWkvEoFgFI3UGnjsnAw95pXKdsWegiwTJydlyFHzSj+dbszSkEfIJNW67dgJuhlVKJjk42In1TyhbEB7vG1oREOu3Wx675icGqVLgliZipBM1b8TGQ21HoW+6Qwp9vWiNxH/89opBjduJqIkRR6x2aIglQRjMnmedIXiDOXIEMqUMLcS1qeKMjQRzW1BMXgam1ScxQyWSeOi4lxVnIfLcvU2z6cAx3ACZ+DANVThHmpQBwYSXuAV3qxn6936sD5nrStWPnMEc7C+fgGfw5cW</latexit>

kc, vc

Write

Load

<latexit sha1_base64="xRWfSGXtZZte3uj0ZdjomI0GeQc=">AAACHHicbVDLTgJBEJzFF+IL9ehlAjHxRHaNUY8ELx4xkUcChMwOvTBhdmcz02vEDXe/wk/wqh/gzXg18eyPuAuYCFinSlV3urrcUAqDtv1lZVZW19Y3spu5re2d3b38/kHdqEhzqHEllW66zIAUAdRQoIRmqIH5roSGO7xK/cYdaCNUcIujEDo+6wfCE5xhInXzhTbCPbpe7ClNx9SlbQm0Qn9V2lPjbr5ol+wJ6DJxZqRIZqh289/tnuKRDwFyyYxpOXaInZhpFFzCONeODISMD1kfWgkNmA+mE09+GdPjROnRNI2nAqQT9e9GzHxjRr6bTPoMB2bRS8X/vFaE3mUnFkEYIQR8esiLJEVF02JoT2jgKEcJYVyLJCvlA6YZx6S+uSsohg9pK85iB8ukflpyzkvOzVmxXJn1kyVHpEBOiEMuSJlckyqpEU4eyTN5Ia/Wk/VmvVsf09GMNds5JHOwPn8ADmuiBw==</latexit>

for b  B do
<latexit sha1_base64="NW+ZHT3O8yKm5Cd0/WiKsALQuHo=">AAACHnicbZDLSgMxFIYzXmu9jbp0E6yCi1pmRNRl0Y3LCvYCbRkyaaYNTSZjkhHq0BfwKXwEt/oA7sStrn0RM+2ItvWHwMd/zuGc/H7EqNKO82nNzS8sLi3nVvKra+sbm/bWdk2JWGJSxYIJ2fCRIoyGpKqpZqQRSYK4z0jd71+m9fodkYqK8EYPItLmqBvSgGKkjeXZ+7eeX4TCS/wiPnKHRch+kf+gZxeckjMSnAU3gwLIVPHsr1ZH4JiTUGOGlGq6TqTbCZKaYkaG+VasSIRwH3VJ02CIOFHtZPSbITwwTgcGQpoXajhy/04kiCs14L7p5Ej31HQtNf+rNWMdnLcTGkaxJiEeLwpiBrWAaTSwQyXBmg0MICypuRXiHpIIaxPgxBZN+/dpKu50BrNQOy65pyX3+qRQvsjyyYFdsAcOgQvOQBlcgQqoAgwewBN4Bi/Wo/VqvVnv49Y5K5vZAROyPr4Bjseg/g==</latexit>

qb, ob,c�1, lb,c�1,mb,c�1

<latexit sha1_base64="keksB0ntOFmVLnOi0q8b6wloico=">AAACA3icbVDLSsNAFJ3UV62vqks3g0VwISURUTdCsRuXFewD2hAm00k7dJIJMzdCDV36CW71A9yJWz/EtT/ipM3Cth64cDjnXu69x48F12Db31ZhZXVtfaO4Wdra3tndK+8ftLRMFGVNKoVUHZ9oJnjEmsBBsE6sGAl9wdr+qJ757UemNJfRA4xj5oZkEPGAUwJG6krPv5Fe6p/VJ165YlftKfAycXJSQTkaXvmn15c0CVkEVBCtu44dg5sSBZwKNin1Es1iQkdkwLqGRiRk2k2nJ0/wiVH6OJDKVAR4qv6dSEmo9Tj0TWdIYKgXvUz8z+smEFy7KY/iBFhEZ4uCRGCQOPsf97liFMTYEEIVN7diOiSKUDApzW0BPnrKUnEWM1gmrfOqc1l17i8qtds8nyI6QsfoFDnoCtXQHWqgJqJIohf0it6sZ+vd+rA+Z60FK585RHOwvn4BMmeYhw==</latexit>ob = ob,C

FLOPs:
<latexit sha1_base64="U2U9YjLcsXIorXuQwjsn7IrweAg="></latexit>

CB(2
L2d

BC
+ 5

L2

BC
+ 2

L2d

BC
+ 10

L2

BC
+ 10

L2d

BC
) = 14L2d+ 15L2

• The computation of the attention remains stable while being recursive.
<latexit sha1_base64="cZ/j6/vGDdQZlPKqkC4Pcj1/ssk="></latexit>

2Ld+ 2CLd+ 2CL+ CLd+ 2CL = 2Ld+ 3CLd+ 4CL = 2Ld(1 +
3Ld+ 4L

10m
)

Computed using a recursive relation

<latexit sha1_base64="GiVIslV1Bt78uLtf9Pv37/vZ1rI="></latexit>

mb,c = max
c0c

(wb,c0) and
<latexit sha1_base64="4rixyaJU69FsLjV2BIPQ4+4QutQ="></latexit>

lb,c =
X

c0c

(ewb,c0�mb,c)

<latexit sha1_base64="ZYwM0fwCSBTzasV2yqFz5kWFx/E=">AAACJXicbVDLSsNAFJ3UV62vqEs3wSJUlJKIqAhC0Y3LCvYBTQiTyaQdOsmEmYnShnyEX+EnuNUPcCeCKxf+iEmahW09MMyZc+6dezlOSImQuv6llBYWl5ZXyquVtfWNzS11e6ctWMQRbiFGGe86UGBKAtySRFLcDTmGvkNxxxneZH7nAXNBWHAvRyG2fNgPiEcQlKlkq0dm/kfMsZswO3aOUXJlCtL3Ye0xexqXKDkc23F222pVr+s5tHliFKQKCjRt9cd0GYp8HEhEoRA9Qw+lFUMuCaI4qZiRwCFEQ9jHvZQG0MfCivOFEu0gVVzNYzw9gdRy9W9HDH0hRr6TVvpQDsSsl4n/eb1IehdWTIIwkjhAk0FeRDXJtCwhzSUcI0lHKYGIk3RXDQ0gh0imOU5NkWQ4zlIxZjOYJ+2TunFWN+5Oq43rIp8y2AP7oAYMcA4a4BY0QQsg8ARewCt4U56Vd+VD+ZyUlpSiZxdMQfn+Bdp0ph0=</latexit>

ob,c = �(wb,1:c)z1:c

<latexit sha1_base64="vTbPoaxGUv40M+sQrng9zYaLV/U=">AAACCXicbVDLSgMxFM34rPXRUZdugkWomzIjom6EohuXFfqCdiyZNNOGSTJjkinUoV/gJ7jVD3Anbv0K1/6IaTsL23rgwuGcezmX48eMKu0439bK6tr6xmZuK7+9s7tXsPcPGipKJCZ1HLFItnykCKOC1DXVjLRiSRD3GWn64e3Ebw6JVDQSNT2KicdRX9CAYqSN1LUL0XVH0T5HpcfwoXY67NpFp+xMAZeJm5EiyFDt2j+dXoQTToTGDCnVdp1YeymSmmJGxvlOokiMcIj6pG2oQJwoL50+PoYnRunBIJJmhIZT9e9FirhSI+6bTY70QC16E/E/r53o4MpLqYgTTQSeBQUJgzqCkxZgj0qCNRsZgrCk5leIB0girE1Xcymahk9j04q72MEyaZyV3Yuye39erNxk/eTAETgGJeCCS1ABd6AK6gCDBLyAV/BmPVvv1of1OVtdsbKbQzAH6+sXj6CaSg==</latexit>

o = �(qkT )vand

<latexit sha1_base64="N9dxKrXgiMP9pwn3mX3WGfgKboI=">AAACDnicbVDLSsNAFJ34rPUVHzs3g0VwISURUTdC0Y3LCn1BG8NkOmmHTCZxZqK0If/gJ7jVD3Anbv0F1/6I0zYL23rgcg/n3Mu9HC9mVCrL+jYWFpeWV1YLa8X1jc2tbXNntyGjRGBSxxGLRMtDkjDKSV1RxUgrFgSFHiNNL7gZ+c1HIiSNeE0NYuKEqMepTzFSWnLN/Sc39U5wdvWgexa4Kc7ua65ZssrWGHCe2DkpgRxV1/zpdCOchIQrzJCUbduKlZMioShmJCt2EklihAPUI21NOQqJdNLx9xk80koX+pHQxRUcq383UhRKOQg9PRki1Zez3kj8z2snyr90UsrjRBGOJ4f8hEEVwVEUsEsFwYoNNEFYUP0rxH0kEFY6sKkrigbDTKdiz2YwTxqnZfu8bN+dlSrXeT4FcAAOwTGwwQWogFtQBXWAwRC8gFfwZjwb78aH8TkZXTDynT0wBePrF3pknQs=</latexit>

wb,c = qbk
T
c

what are     
sizes?

<latexit sha1_base64="JzIp5HFiLB20AmnGecKXPTpHDTs=">AAACDHicbVDLTsJAFJ3iC/FVcelmIjFxQUhrjLokunGJiYAJNM10mMKk05k6MyUi4Rf8BLf6Ae6MW//BtT/iFLoQ8CT35uSce3NvTpAwqrTjfFuFldW19Y3iZmlre2d3z94vt5RIJSZNLJiQ9wFShFFOmppqRu4TSVAcMNIOouvMbw+JVFTwOz1KiBejPqchxUgbybfLkY+rcJi1Bz+oQuEHvl1xas4UcJm4OamAHA3f/un2BE5jwjVmSKmO6yTaGyOpKWZkUuqmiiQIR6hPOoZyFBPljae/T+CxUXowFNIU13Cq/t0Yo1ipURyYyRjpgVr0MvE/r5Pq8NIbU56kmnA8OxSmDGoBsyBgj0qCNRsZgrCk5leIB0girE1cc1c0jZ4mJhV3MYNl0jqtuec19/asUr/K8ymCQ3AEToALLkAd3IAGaAIMHsELeAVv1rP1bn1Yn7PRgpXvHIA5WF+/aUWapQ==</latexit>

kc, vc, qb, ob

<latexit sha1_base64="kmESWnGauWmjeeVNZILX5zzsYnk=">AAACE3icbZDLSsNAFIYn9VbrLepK3AwWwUUpiYi6LLpxWcFeoA1hMp20Q+cSZiZCDcWn8BHc6gO4E7c+gGtfxKSNYFt/GPj4zzmcM38QMaqN43xZhaXlldW14nppY3Nre8fe3WtqGStMGlgyqdoB0oRRQRqGGkbakSKIB4y0guF1Vm/dE6WpFHdmFBGPo76gIcXIpJZvH0g/CSp4XIH8F9gUfLvsVJ2J4CK4OZRBrrpvf3d7EsecCIMZ0rrjOpHxEqQMxYyMS91YkwjhIeqTTooCcaK9ZPKFMTxOnR4MpUqfMHDi/p1IENd6xIO0kyMz0PO1zPyv1olNeOklVESxIQJPF4Uxg0bCLA/Yo4pgw0YpIKxoeivEA6QQNmlqM1sMHT5kqbjzGSxC87Tqnlfd27Ny7SrPpwgOwRE4AS64ADVwA+qgATB4BM/gBbxaT9ab9W59TFsLVj6zD2Zkff4AenSd+A==</latexit>

ob,c,mb,c, lb,c
<latexit sha1_base64="IRSWJqkSP7rdmXFhmVsUVoOwWao=">AAACBXicbZC7SgNBFIbPxluMt6ilzWAQrMKueGuEYBoLiwjmAskSZiezyZCZ3XVmVojL1j6CrT6Andj6HNa+iJNkC5P4w4Gf/5zDOXxexJnStv1t5ZaWV1bX8uuFjc2t7Z3i7l5DhbEktE5CHsqWhxXlLKB1zTSnrUhSLDxOm96wOu43H6lULAzu9SiirsD9gPmMYG0iV1yddXyJSXLbS6vdYsku2xOhReNkpgSZat3iT6cXkljQQBOOlWo7dqTdBEvNCKdpoRMrGmEyxH3aNjbAgio3mTydoiOT9JAfSlOBRpP070aChVIj4ZlJgfVAzffG4X+9dqz9SzdhQRRrGpDpIT/mSIdoTAD1mKRE85ExmEhmfkVkgA0EbTjNXNFs+JQaKs48g0XTOCk752Xn7rRUuc745OEADuEYHLiACtxADepA4AFe4BXerGfr3fqwPqejOSvb2YcZWV+/sDeZWQ==</latexit>

m = 5
Ld

C
(to load variables)

<latexit sha1_base64="ID9c3XDqJmyrfO5L/r9lNv/4h/k="></latexit>

AIFlashAttention =
14Ld+ 15L

2d(1 + L 4+3d
10m )



Arithmetic Intensity Comparison

• Let us consider a multi-head self-attention layer with     heads 
and token dimension n. This leads to 
 
 
 
and in typical applications, the cache, dimensionality values are 

• This leads to: 

• Avoids materializing the full attention matrix significantly 
reduces the number of I/Os and makes attention compute-
bounded. 

• In addition, FlashAttention is more memory efficient…

16

<latexit sha1_base64="ejINBwFJ9gAC149UHNA/rtEEl+0=">AAACA3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF2wppKJvNpl262Q27G6GGHP0JXvUHeBOv/hDP/hE3bQ629cHA470ZZuYFCaNKO863VVlZXVvfqG7WtrZ3dvfq+wddJVKJSQcLJuRDgBRhlJOOppqRh0QSFAeM9ILxTeH3HolUVPB7PUmIH6MhpxHFSBvJ60cS4YznWZgP6g2n6UxhLxO3JA0o0R7Uf/qhwGlMuMYMKeW5TqL9DElNMSN5rZ8qkiA8RkPiGcpRTJSfTU/O7ROjhHYkpCmu7an6dyJDsVKTODCdMdIjtegV4n+el+roys8oT1JNOJ4tilJma2EX/9shlQRrNjEEYUnNrTYeIZOCNinNbdF0/FSk4i5msEy6Z033ounenTda12U+VTiCYzgFFy6hBbfQhg5gEPACr/BmPVvv1of1OWutWOXMIczB+voFVIGZPQ==</latexit>n

d

<latexit sha1_base64="ZAETqaYaB3u+FF7FCjXt6t60yPs="></latexit>

AIAttention =
L(4d+ 5)

4(d+ L)

<latexit sha1_base64="hZxBEV5sKTK/JvXGBPtwJClNLjk="></latexit>

AIMatrix =
2Ln2

n2 + 2nL

<latexit sha1_base64="ID9c3XDqJmyrfO5L/r9lNv/4h/k="></latexit>

AIFlashAttention =
14Ld+ 15L

2d(1 + L 4+3d
10m )

<latexit sha1_base64="L1odCe2aorshKjV5qv2mKZTXeQA=">AAACBnicbVC7TgJBFJ31ifhCLW0mEhMrsmuMWBJtLDGRRwILmR1mYcK8MjNrxA29n2CrH2BnbP0Na3/EAbYQ8CQ3OTnn3pybEylGjfX9b29ldW19YzO3ld/e2d3bLxwc1o1MNCY1LJnUzQgZwqggNUstI02lCeIRI41oeDPxGw9EGyrFvR0pEnLUFzSmGFkndThsI6W0fISB3yl3C0W/5E8Bl0mQkSLIUO0Wfto9iRNOhMUMGdMKfGXDFGlLMSPjfDsxRCE8RH3SclQgTkyYTr8ew1On9GAstRth4VT9e5EibsyIR26TIzswi95E/M9rJTa+ClMqVGKJwLOgOGHQSjipAPaoJtiykSMIa+p+hXiANMLWFTWXYunwaexaCRY7WCb181JwWQruLoqV66yfHDgGJ+AMBKAMKuAWVEENYKDBC3gFb96z9+59eJ+z1RUvuzkCc/C+fgGY3pk6</latexit>

m ⇡ 107
<latexit sha1_base64="/Nq2O32vfIs1EeIw8dKgMTedN8g=">AAACBXicbVC7SgNBFL3rM8ZX1NJmMAhWYTeIWgZtLCOYByRrmJ2dTYbMzo4zs2IMqf0EW/0AO7H1O6z9ESfJFibxwIXDOfdyLieQnGnjut/O0vLK6tp6biO/ubW9s1vY26/rJFWE1kjCE9UMsKacCVozzHDalIriOOC0EfSvxn7jgSrNEnFrBpL6Me4KFjGCjZX8sI2lVMkj8ty7cqdQdEvuBGiReBkpQoZqp/DTDhOSxlQYwrHWLc+Vxh9iZRjhdJRvp5pKTPq4S1uWChxT7Q8nT4/QsVVCFCXKjjBoov69GOJY60Ec2M0Ym56e98bif14rNdGFP2RCpoYKMg2KUo5MgsYNoJApSgwfWIKJYvZXRHpYYWJsTzMphvWfRrYVb76DRVIvl7yzkndzWqxcZv3k4BCO4AQ8OIcKXEMVakDgHl7gFd6cZ+fd+XA+p6tLTnZzADNwvn4BKLKZAg==</latexit>

d ⇡ 102
<latexit sha1_base64="2m837WStqrvg4DoRyCPBTE/v4Uw=">AAACEHicbZDLSgMxFIYz9VbrbVRw4yZYBFdlRoq6LLpx4aKCvUA7lkyaaUMzSUgyYq19CR/BrT6AO3HrG7j2RUzbEWzrDwc+/nMO5/CHklFtPO/LySwsLi2vZFdza+sbm1vu9k5Vi0RhUsGCCVUPkSaMclIx1DBSl4qgOGSkFvYuRv3aHVGaCn5j+pIEMepwGlGMjLVa7h5vIimVuIdXv+B7t8WWm/cK3lhwHvwU8iBVueV+N9sCJzHhBjOkdcP3pAkGSBmKGRnmmokmEuEe6pCGRY5iooPB+P8hPLROG0ZC2eIGjt2/GwMUa92PQzsZI9PVs72R+V+vkZjoLBhQLhNDOJ4cihIGjYCjMGCbKoIN61tAWFH7K8RdpBA2NrKpK4b2HoY2FX82g3moHhf8k4J/XcyXztN8smAfHIAj4INTUAKXoAwqAINH8AxewKvz5Lw5787HZDTjpDu7YErO5w+Z5Zz7</latexit>

n ⇡ L ⇡ 104

<latexit sha1_base64="Gp0Uo56z0pXRIDYZj4w2PmEWWuE=">AAACGnicbVC7TsMwFHXKq5RXgJHFokJiqhKEgLGFBbYi0YfURpHjOK1VJ45sB1GirHwFn8AKH8CGWFmY+RGcNgNtOZKlo3Pu9b33eDGjUlnWt1FaWl5ZXSuvVzY2t7Z3zN29tuSJwKSFOeOi6yFJGI1IS1HFSDcWBIUeIx1vdJX7nXsiJOXRnRrHxAnRIKIBxUhpyTVh48ZN+yFSQxGmDaVIlOtZ1kdxLPgD9F2zatWsCeAisQtSBQWarvnT9zlOQv0TZkjKnm3FykmRUBQzklX6iSQxwiM0ID1NIxQS6aSTSzJ4pBUfBlzoFyk4Uf92pCiUchx6ujLfWc57ufif10tUcOGkNIoTfSKeDgoSBhWHeSzQp4JgxcaaICyo3hXiIRIIKx3ezBRFR4+ZTsWez2CRtE9q9lnNvj2t1i+LfMrgAByCY2CDc1AH16AJWgCDJ/ACXsGb8Wy8Gx/G57S0ZBQ9+2AGxtcvhpSidA==</latexit>

AIAttention ⇡ d
<latexit sha1_base64="q+Bvbmnj99SG2lmjOOY1lJ0DMxs=">AAACH3icbZDLSsNAFIYn9VbrLerSTbAUXJWkirqsulFQqGBtoQllMp20QycXZk6kNeQJfAofwa0+gDtx27Uv4rTNwrb+MPDzn3M4Zz434kyCaY603NLyyupafr2wsbm1vaPv7j3KMBaE1knIQ9F0saScBbQODDhtRoJi3+W04favxvXGExWShcEDDCPq+LgbMI8RDCpq66WLm3ZiAx2A8JM7DIIN0tTGUSTCge0JTJJKenzb1otm2ZzIWDRWZoooU62t/9idkMQ+DYBwLGXLMiNwEiyAEU7Tgh1LGmHSx13aUjbAPpVOMvlOapRU0jG8UKgXgDFJ/04k2Jdy6Luq08fQk/O1cfhfrRWDd+4kLIhioAGZLvJibkBojNkYHSYoAT5UBhPB1K0G6WEFARTBmS3A+s+pomLNM1g0j5WydVq27k+K1cuMTx4doEN0hCx0hqroGtVQHRH0gt7QO/rQXrVP7Uv7nrbmtGxmH81IG/0CpkmknQ==</latexit>

AIMatrix ⇡ 2

3
L

<latexit sha1_base64="zz2XTlbjjVZxKF+oNjCGud8BPNw=">AAACHXicbVDLSsNAFJ3UV62vqks3wSK4KomIddkqiIKLCvYBTSiT6aQdOnkwcyOtIR/gV/gJbvUD3Ilbce2POGmzsK0HBg7n3Mfc44ScSTCMby23tLyyupZfL2xsbm3vFHf3mjKIBKENEvBAtB0sKWc+bQADTtuhoNhzOG05w8vUbz1QIVng38M4pLaH+z5zGcGgpG6xVLvpxhbQEcRXHMtBDYD6qZUkFg5DEYwqt6rKKBsT6IvEzEgJZah3iz9WLyCRpyYRNVR2TCMEO8YCGOE0KViRpCEmQ9ynHUV97FFpx5NjEv1IKT3dDYR6PugT9W9HjD0px56jKj0MAznvpeJ/XicC99yOmR9G6kQyXeRGXIdAT5PRe0xQAnysCCaCqb/qZIAFJqDym9kCbPiYqFTM+QwWSfOkbJ6VzbvTUvUiyyePDtAhOkYmqqAqukZ11EAEPaEX9IretGftXfvQPqelOS3r2Ucz0L5+AfOSo7s=</latexit>

AIFlashAttention ⇡ 7L



Fused CUDA kernels, foreach
• Autograd is modular: models run as graphs of many small primitive operations 

• Backpropagation needs intermediates values, which must be stored (or recomputed) 
for gradients 

• GPU downside: many small kernel launches + high memory traffic → bottlenecks 

• This motivates the combination of several operations into a single kernel to be more I/O 
efficient and reduce launch overhead (but we lose per-operation visibility). This leads to 
three notions: 

• Fused CUDA kernels: hand-written or library-provided kernels that implement 
multiple operations together (e.g. bias addition + activation, FlashAttention), 
reducing memory reads/writes. 

• Compiler-based fusion: graph compilers that analyze the computation graph and 
automatically generate fused kernels, generalizing manual fusion 

• Foreach CUDA kernels: specialized kernels that apply the same operation to a list 
of tensors in one go (e.g. optimizer steps), amortizing kernel launch overhead.

17



Strategy to reduce memory footprint: 
Quantization, activation checkpointing

18



Reducing Memory Footprint
• In large-scale training, GPU memory is one of the main bottleneck: it 

limits the model size, batch size, and context length we can use, and can 
force us onto more (or more expensive) GPUs. 

• For reducing the memory footprint, several techniques are commonly used: 

• Fused kernels (as we just saw): e.g., FlashAttention 

• Quantization: Trading numerical precisions for lower memory 
footprint (and faster computations) 

• Activation recomputations: Recomputing activations during 
backpropagation, trading extra compute for a significant reduction in 
activation memory. 

• Sharding/chunking/splitting resources across multiple GPUs (next 
lecture)

19



Mixed-Precision Training: Benefits and Pitfalls
• FP32 (32-bit, 4 bytes) is the standard format for training and is usually 

numerically accurate enough for deep networks. 

• To reduce FLOPs and memory footprint, it is attractive to use 16-bit 
formats (FP16) for most computations and activations. 

• In mixed-precision training: 

• The forward and backward passes store activations and gradients in 
FP16. 

• Many operations (e.g., matmuls, reductions) still accumulate in FP32 to 
keep numerical accuracy. 

• A set of master weights and gradients is kept in FP32 to reliably update 
parameters. 

• Another Challenge: FP16 has a much smaller dynamic range, so some 
weights and gradients can underflow to zero, hurting training stability.

20



Automating Mixed PrecisionExample

• AMP (Automatic Mixed Precision) chooses the datatype per 
operation to balance speed and numerical stability during forward and 
backward. 

• With FP32, typical training ranges rarely cause numerical issues. 

• Numerically sensitive ops (stay in FP32): sigmoid, softmax, exp/
log, and some reductions are computed in FP32 to avoid underflow/
overflow and preserve accuracy 

• Throughput-oriented ops (use FP16 + FP32 accumulate): 

• Accumulation in FP32 (partial sums), eg 

• Output often cast back to FP16 if the next layer expects FP16.

21

<latexit sha1_base64="bP2BUIxQFq87JjmGPpxHxz6vGSM=">AAACDXicbVDLSsNAFJ34rPUV7dLNYBFclURE3QhFNy4r2Ae0MUymk3bozCTMTMQY8g1+glv9AHfi1m9w7Y84bbOwrQcuHM65l3M5Qcyo0o7zbS0tr6yurZc2yptb2zu79t5+S0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdD322w9EKhqJO53GxONoIGhIMdJG8u1KTyXcz+ilm98L+OjT1Ke+XXVqzgRwkbgFqYICDd/+6fUjnHAiNGZIqa7rxNrLkNQUM5KXe4kiMcIjNCBdQwXiRHnZ5PkcHhmlD8NImhEaTtS/FxniSqU8MJsc6aGa98bif1430eGFl1ERJ5oIPA0KEwZ1BMdNwD6VBGuWGoKwpOZXiIdIIqxNXzMpmo6ectOKO9/BImmd1Nyzmnt7Wq1fFf2UwAE4BMfABeegDm5AAzQBBil4Aa/gzXq23q0P63O6umQVNxUwA+vrFzQZnFA=</latexit> nX

i=1

xiyi



Gradient underflowing

• If a is very small, i.e.,                        , then, there are three solutions: 

• Forcing the operations in float32. 

• Rescaling the loss                    with         so that  

• Or, changing the range: that’s why brain-float16 are made for.

22

• Consider this simple function to optimize:

<latexit sha1_base64="tB0QVvbUXawEQIJ/7aAt1YcZ+g8=">AAACEHicbZDLSsNAFIYnXmu9RQU3bgaLUDclEVE3QtGNywr2Am0ok+mkHTqZhJkToca+hI/gVh/Anbj1DVz7Ik7bCLb1hwMf/zmHc/j9WHANjvNlLSwuLa+s5tby6xubW9v2zm5NR4mirEojEamGTzQTXLIqcBCsEStGQl+wut+/HvXr90xpHsk7GMTMC0lX8oBTAsZq2/tBWxdb0GNAji918Ittu+CUnLHwPLgZFFCmStv+bnUimoRMAhVE66brxOClRAGngg3zrUSzmNA+6bKmQUlCpr10/P8QHxmng4NImZKAx+7fjZSEWg9C30yGBHp6tjcy/+s1EwguvJTLOAEm6eRQkAgMER6FgTtcMQpiYIBQxc2vmPaIIhRMZFNXgPcfhiYVdzaDeaidlNyzknt7WihfZfnk0AE6REXkonNURjeogqqIokf0jF7Qq/VkvVnv1sdkdMHKdvbQlKzPH4xcnPY=</latexit>

fs(✓) = sf(✓)

<latexit sha1_base64="vehFuayNuxdgshWgufjkaAMfEIQ=">AAACGHicbZC7SgNBFIZn4y3G26qlIINBiE3YDaI2QtDGMoK5QHYNs5PZZMjshZmzQlzS+RQ+gq0+gJ3Y2ln7Ik6SLUziDwM//zmHc+bzYsEVWNa3kVtaXlldy68XNja3tnfM3b2GihJJWZ1GIpItjygmeMjqwEGwViwZCTzBmt7gelxvPjCpeBTewTBmbkB6Ifc5JaCjjnnolxzoMyAnl44vCcV2BROMp9l9pWMWrbI1EV40dmaKKFOtY/443YgmAQuBCqJU27ZicFMigVPBRgUnUSwmdEB6rK1tSAKm3HTyjxE+1kkX+5HULwQ8Sf9OpCRQahh4ujMg0FfztXH4X62dgH/hpjyME2AhnS7yE4EhwmMouMsloyCG2hAqub4V0z7ROECjm9kCfPA40lTseQaLplEp22dl+/a0WL3K+OTRATpCJWSjc1RFN6iG6oiiJ/SCXtGb8Wy8Gx/G57Q1Z2Qz+2hGxtcvz9afFg==</latexit>

f(✓) =
1

2
a✓2

<latexit sha1_base64="Spk/Nc5NhiQB/8rHv7uccjJWI3U=">AAACDHicbZDPSsNAEMY39V+t/2I9elksYr2URES9CEUvHivYWmhD2Ww37dLNJuxOxBr6Cj6CV30Ab+LVd/Dsi7htc7CtHwz8+GaGGT4/FlyD43xbuaXlldW1/HphY3Nre8feLTZ0lCjK6jQSkWr6RDPBJasDB8GasWIk9AW79wfX4/79A1OaR/IOhjHzQtKTPOCUgLE6djE4Krehz4AcX5IpdOySU3EmwovgZlBCmWod+6fdjWgSMglUEK1brhODlxIFnAo2KrQTzWJCB6THWgYlCZn20snvI3xonC4OImVKAp64fzdSEmo9DH0zGRLo6/ne2Pyv10oguPBSLuMEmKTTQ0EiMER4HATucsUoiKEBQhU3v2LaJ4pQMHHNXAE+eBqZVNz5DBahcVJxzyru7WmpepXlk0f76ACVkYvOURXdoBqqI4oe0Qt6RW/Ws/VufVif09Gcle3soRlZX7+KK5ta</latexit>

f 0(✓) = a✓

<latexit sha1_base64="3b7K85ORf350G8EXtbcTJ6P1kn4=">AAACLnicbZDLSgMxFIYz9VbrbdSlm2ARKmKZSFE3QtGNywr2Am0tmTRtQzMXkjNCHfoiPoWP4FYfQHAhLtz4GKbtLHrxh8Cf75zDSX43lEKD43xaqaXlldW19HpmY3Nre8fe3avoIFKMl1kgA1VzqeZS+LwMAiSvhYpTz5W86vZvRvXqI1daBP49DELe9GjXFx3BKBjUsgsN6HGgrRhOyPAqR04b5obpcYJhCj1AAknLzjp5Zyy8aEhisihRqWX/NNoBizzuA5NU6zpxQmjGVIFgkg8zjUjzkLI+7fK6sT71uG7G498N8ZEhbdwJlDk+4DGdnoipp/XAc02nR6Gn52sj+F+tHkHnshkLP4yA+2yyqBNJDAEeRYXbQnEGcmAMZUqYt2LWo4oyMIHObAHRfxqaVMh8BoumcpYn53lyV8gWr5N80ugAHaIcIugCFdEtKqEyYugZvaI39G69WB/Wl/U9aU1Zycw+mpH1+wcHBagG</latexit>

✓t+1 = (1� ⌘a)✓t = (1� ⌘a)t✓1

with

the a gradient descent should write:

<latexit sha1_base64="VBHbg572TjuQX5b0lumEE49DFcI=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6kmKXjxWtB/QhrLZbtqlm03YnQg15Cd41R/gTbz6Yzz7R9y2OdjWBwOP92aYmefHgmt0nG+rsLK6tr5R3Cxtbe/s7pX3D5o6ShRlDRqJSLV9opngkjWQo2DtWDES+oK1/NHtxG89MaV5JB9xHDMvJAPJA04JGulBXzu9csWpOlPYy8TNSQVy1Hvln24/oknIJFJBtO64ToxeShRyKlhW6iaaxYSOyIB1DJUkZNpLp6dm9olR+nYQKVMS7an6dyIlodbj0DedIcGhXvQm4n9eJ8Hgyku5jBNkks4WBYmwMbInf9t9rhhFMTaEUMXNrTYdEkUomnTmtiAfPWcmFXcxg2XSPKu6F1X3/rxSu8nzKcIRHMMpuHAJNbiDOjSAwgBe4BXerMx6tz6sz1lrwcpnDmEO1tcvAEiVFA==</latexit>

s > 0

Unit roundoff:
<latexit sha1_base64="Nl4YUhV+DUO4BJ/eK1pThATU8tE=">AAACBHicbVDLSgMxFM34rPVVdekmWARBKBMRdSMU3bisYB/QGUomzbShmSQkGaEO3foJbvUD3Ilb/8O1P2LazsK2HrhwOOdezuVEijNjff/bW1peWV1bL2wUN7e2d3ZLe/sNI1NNaJ1ILnUrwoZyJmjdMstpS2mKk4jTZjS4HfvNR6oNk+LBDhUNE9wTLGYEWycF6DSgyjAuxTXqlMp+xZ8ALhKUkzLIUeuUfoKuJGlChSUcG9NGvrJhhrVlhNNRMUgNVZgMcI+2HRU4oSbMJj+P4LFTujCW2o2wcKL+vchwYswwidxmgm3fzHtj8T+vndr4KsyYUKmlgkyD4pRDK+G4ANhlmhLLh45gopn7FZI+1phYV9NMimWDp5FrBc13sEgaZxV0UUH35+XqTd5PARyCI3ACELgEVXAHaqAOCFDgBbyCN+/Ze/c+vM/p6pKX3xyAGXhfv4VEmK0=</latexit>

1 + ✏ = 1

<latexit sha1_base64="07917CDDBUs3m49j0hHjrsoWpgo="></latexit>

|⌘a| < "float16min

<latexit sha1_base64="81NLj4vyny2K+dqZCrycORMFmY0=">AAACK3icbVDLSgNBEJz1bXxFPXoZDIKnsCuinkT04lHBqJCNoXfSq0NmZ5eZXiGu+x1+hZ/gVT/Ak+JN/A8nMQdfBcMUVd10d0WZkpZ8/8UbGR0bn5icmq7MzM7NL1QXl05tmhuBDZGq1JxHYFFJjQ2SpPA8MwhJpPAs6h70/bNrNFam+oR6GbYSuNQylgLISe1qcBsiAbccbnfDazCYWamcUYSJ1OWF+4CuTFLEKgUKtsqy0q7W/Lo/AP9LgiGpsSGO2tX3sJOKPEFNQoG1zcDPqFWAISkUlpUwt5iB6MIlNh3VkKBtFYPTSr7mlA6PU+OeJj5Qv3cUkFjbSyJX2d/U/vb64n9eM6d4p1VIneWEWnwNinPFKeX9nHhHGhSkeo6AMNLtysUVGBDk0vwxhWT3pnSpBL8z+EtON+rBVj043qzt7Q/zmWIrbJWts4Btsz12yI5Ygwl2xx7YI3vy7r1n79V7+yod8YY9y+wHvI9P8HepYA==</latexit>

|⌘sa| > "float16min



Float types and precision

• If stable, lower precision brings speed, reduced latency and 
memory saving, even if master weights are needed. 

• BF16 keeps (almost) FP32’s dynamic range while having the 
benefits of FP16, thus removing the need for loss scaling.

23

<latexit sha1_base64="v6o9oxAPwkJ5WjBJspEukFbhIME="></latexit>

Type Bytes Exp/Mant Range Rel. precision Stable
FP32 4 8 / 23 10

±38 ⇡ 2
�23 ⇡ 1.19⇥ 10

�7
High

BF16 2 8 / 7 10
±38 ⇡ 2

�7 ⇡ 7.81⇥ 10
�3

Medium-High

FP16 2 5 / 10 10
±5 ⇡ 2

�10 ⇡ 9.77⇥ 10
�4

Medium

FP8 1 4 / 3 ⇠ 10
±9 ⇡ 2

�3 ⇡ 1.25⇥ 10
�1

Low



Gradient accumulation in full precision

• Each parameter update is the sum of many small gradient 
contributions. Accumulating these directly in BF16/FP16 can cause 
numerical instability (rounding/underflow), especially with large effective 
batch sizes or many accumulation steps. 

• Update flow: 

• Forward / backward in BF16/FP16. 

• Cast grads to FP32 (and unscale if using loss scaling) 

• Update FP32 master weights and FP32 optimizer states (/!\) 

• Cast updated master weights back to BF16/FP16 for the next step 

• Using FP8 is still an on-going research topic, as well as getting rid of the 
master weights.

24



Activation Checkpointing

• Idea: Store activations only at a few checkpoints, and recompute the 
missing ones during backward → big memory savings for extra 
compute. 

• In forward, save activations only at selected points (e.g. FFN blocks); in 
backward, re-run forward between checkpoints to recover them. 

• In Transformers, recompute mainly self-attention, which is memory-
bound, while FC layers are more FLOP-heavy but less memory-hungry. 
This is the idea exploited by FlashAttention-style kernels. 

• Benefit: Enables deeper / larger models or bigger batches on the same 
GPU, especially when combined with mixed precision and activation 
offloading.

25



Reducing Memory Overhead 
via Activation checkpointing

26

Input layer

Intermediary layer

Final layer

Forward connexion

The total computational cost of the backprop pass is: F+B+W

Here, the total computational cost is: < 2F+B+W

Backprop without Activation Checkpointing:

Backprop with Activation Checkpointing:

Activations re-computed 
during backwardCheckpoints

Note: Typical layers such as attention are memory-intensive, but their 
recomputation is relatively inexpensive.

Activations materialized 
during forward



Multiple GPUs

27



How to make GPUs collaborate?

• A single GPU is already massively parallel, but we can scale even 
further by distributing computations across multiple GPUs. 

• Each GPU is an isolated accelerator; combined, they can deliver more 
FLOPs, host larger and deeper models, and process more samples in 
parallel. 

• The key challenge is to minimize and overlap inter-GPU communication
—data transfers and synchronization—so bandwidth and latency don’t 
eat into compute time; this is very similar to I/O bottlenecks on a single 
GPU. 

• Before diving into concrete strategies, we’ll first look at the possible 
interaction patterns between GPUs and the infrastructure needed to 
support them.

28



Programmation for Multi-
GPU applications

29



Single Program, Multiple Data

• Single Program, Multiple Data: The same program runs concurrently on 
multiple devices (organised as a mesh); each device operates on its own 
slice of data and may take device-specific branches. 

• Same code, different views: Program text is identical; behavior can 
diverge by device (e.g., different data/tensor partitions). 

• Local compute, global coordination: Do work locally; synchronize 
via collectives (e.g., all-reduce, reduce-scatter, all-gather, broadcast). 

• Rank & world size: The total number of devices is the world size. 
Devices are distinguished by an integer rank (e.g., if rank == 0: 
#do something on device #0).

30



"hello world"# hello.py 

import socket 

import torch.distributed as dist 

def main(): 

    dist.init_process_group(backend="gloo")  # CPU-friendly; use "nccl" on 
GPUs 

    rank = dist.get_rank() 

    world = dist.get_world_size() 

    host = socket.gethostname() 

    print(f"Hello from rank {rank}/{world} on host {host}", flush=True) 

    dist.barrier()  # simple synchronization point 

    dist.destroy_process_group() 

if __name__ == "__main__": 

    main()

31

torchrun --standalone --nnodes=1 --nproc_per_node=4 hello.py 
Run in bash:



Distributed Instructions

• dist.barrier(): all ranks wait here until everyone arrives. Don’t 
put it inside if rank == 0: or any rank-conditional branch, or 
you’ll deadlock. 

• Point-to-point communications (dist.send(), 
dist.receive()): Let two specific ranks talk directly without 
involving everyone; useful for custom protocols or pipeline-style setups. 

• Process groups & subgroups (dist.new_group()): You can form 
smaller groups of ranks and then use specific instruction, e.g 
dist.barrier(…, group=…) which is a selective synchronization 

• And collective primitives, that we’ll discuss now: One-to-One, One-to-
Many, Many-to-One, Many-to-Many.

32



Example of collectives
33

The goal of collectives is to efficiently orchestrate common communication 
patterns across all workers with a single optimized operation. 



Compatibility of Distributed Collectives with Autograd

• Collective routines are compatible with Autograd!

34

Forward Backward

<latexit sha1_base64="POTK+05Z5BGAIEFMHI56xxiR6Ec="></latexit>

AllGather: {x0, . . . , xp�1} �!
�
[x0, . . . , xp�1]

 p�1

r=0

(the same vector is present on every rank).
<latexit sha1_base64="l/sodEMzjcaLyYPM8mJGnesl4gI="></latexit>

Backward:
�
[gr0, . . . , g

r
p�1]

 p�1

r=0
�!

(
p�1X

r=0

gri

)p�1

i=0

(rank i receives the sum of the i-th entries).



An implementation of All-Reduce

• Tree all-reduce wins for small tensors / many ranks (latency-bound). 
 

• Ring all-reduce wins for large tensors (bandwidth-bound).
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Distributed Setting on a 
cluster
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Big picture of a cluster
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What is a (GPU) cluster?

• A cluster is many compute nodes (machines) connected by a high-
speed network. 

• Each node has multiple GPUs, CPUs, RAM, and local storage. 

• Nodes usually share a global filesystem (e.g. /home, /scratch) accessible 
from all nodes. 

• A scheduler (e.g. Slurm) groups nodes into partitions (set of node 
with similar hardware which obey some policy). 

• It’s often OK to assume a partition is homogeneous. 

• Example: partition gpu-a100: 80 nodes, each with 4× A100 GPUs.
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Examples of cluster: JeanZay

• Jean Zay (public French AI/HPC supercomputer) 
 
 
 
 
 
 
In your opinions, which partitions are free? 

• For comparison a single "node" Google TPU v4 Pod: Up to 
4,096 TPU chips in a single pod (one giant accelerator 
island)
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<latexit sha1_base64="sNn9PwPTl8nvbzzA3ZdNOl/NBIQ="></latexit>

Partition Type of node # GPUs GPU CPUs RAM Total GPUs

cpu p1 CPU-only 0 – 40 cores 192 GB 0

gpu p13 4-GPU 4 V100 16/32GB 40 cores 192 GB 1584

gpu p2 8-GPU 8 V100 32GB 24 cores 384 GB 248

gpu p4 8-GPU 8 A100 40/80GB 48+ cores 512 GB 416

gpu p5 4-GPU 4 H100 80GB 48+ cores 512 GB 1456



Slurm
• Slurm is the standard software used to assign cluster resources 

(CPUs, GPUs, memory, time) to users’ jobs. 

• You do not run jobs directly on nodes: instead, you submit a job to 
Slurm, and Slurm puts it in a queue and starts it when resources are free. 

• Typically jobs have to finish in a finite time: it’s thus good to make job 
batch-able via checkpoints so they can be re-started periodically 

• A typical slurm command looks like this: 

40

srun --partition=gpu-a100 —-nodes=4 --ntasks-per-node=4  
-—gres=gpu:4 --cpus-per-task=8 --time=02:00:00 
 
torchrun --nnodes=4 --nproc_per_node=4 --rdzv_backend=c10d   
-—rdzv_endpoint=$MASTER_NODE:29500 train.py —-checkpoint ./save

number of processes per machine

run 16 times



Yaml config files in torch titan
[job] 
dump_folder = "./outputs" 
description = "DeepSeek-V3 16B model training" 
print_config = false 

[profiling] 
enable_profiling = false 
save_traces_folder = "profile_trace" 
profile_freq = 10 
enable_memory_snapshot = false 
save_memory_snapshot_folder = "memory_snapshot" 

[metrics] 
log_freq = 10 
disable_color_printing = false 
enable_tensorboard = false 
save_tb_folder = "tb" 
enable_wandb = false 

[model] 
name = "deepseek_v3" 
flavor = "16B" 
hf_assets_path = "./assets/hf/deepseek-moe-16b-base" 
# converters = ["float8"] 

[optimizer] 
name = "AdamW" 
lr = 2.2e-4 
eps = 1e-8 

[lr_scheduler] 
warmup_steps = 200 
decay_ratio = 0.8   
decay_type = "cosine" 
min_lr_factor = 0.1 

[training] 
local_batch_size = 4 
seq_len = 4096 
max_norm = 1.0  # grad norm clipping 
steps = 1000 
dataset = "c4"  # supported datasets: c4_test (2K), c4 (177M)

41

[parallelism] 
data_parallel_replicate_degree = 1 
data_parallel_shard_degree = -1 
fsdp_reshard_after_forward = "default" 
tensor_parallel_degree = 1 
enable_async_tensor_parallel = false 
pipeline_parallel_degree = 1 
pipeline_parallel_schedule = "Interleaved1F1B" 
expert_parallel_degree = 8 
expert_tensor_parallel_degree = 1 

[checkpoint] 
enable = false 
folder = "checkpoint" 
interval = 10 
last_save_model_only = true 
export_dtype = "float32" 
async_mode = "disabled" 

[activation_checkpoint] 
mode = "selective"  

[compile] 
enable=true 
components = ["loss"] # ["model", "loss"] 

[quantize.linear.float8] 
enable_fsdp_float8_all_gather = false 
precompute_float8_dynamic_scale_for_fsdp = false 
filter_fqns = ["output", "router.gate"] 

[quantize.grouped_mm.float8] 
fqns = ["experts"]



Communications between 
GPUs
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Hockney Model for Communications:

• Channels are independent paths that can carry data in parallel. 

• Typically, the time to send a message of size m si given by 
                                      

•    (latency): fixed time to initiate a message, independent of its size 

•    (per-byte cost): time per-byte (approx. 1/bandwidth) 

• For tensor I/O, tensors are chunked over multiple channels to 
increase effective bandwidth and then submitted in parallel. Under ideal 
parallelism for n channels, it writes: 

• The chunk size       must be large enough to amortise the cost of    .
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<latexit sha1_base64="lrNH5HshTXs9Ce6+Tglw8R+ZgjM="></latexit>

Tcomm(m) = ↵+ � ·m
<latexit sha1_base64="K+/Edh+r66oa25Mxey3D60Fpk1Q=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJfROJsmY2dllZlaIS8BP8Kof4E28+iue/REnyR5MYkFDUdVNd1cQC66N6347uZXVtfWN/GZha3tnd6+4f1DXUaIoq9FIRKoZoGaCS1Yz3AjWjBXDMBCsEQxvJn7jkSnNI3lvRjHzQ+xL3uMUjZXqbRTxADvFklt2pyDLxMtICTJUO8WfdjeiScikoQK1bnlubPwUleFUsHGhnWgWIx1in7UslRgy7afTa8fkxCpd0ouULWnIVP07kWKo9SgMbGeIZqAXvYn4n9dKTO/KT7mME8MknS3qJYKYiExeJ12uGDViZAlSxe2thA5QITU2oLkthg+fxjYVbzGDZVI/K3sXZe/uvFS5zvLJwxEcwyl4cAkVuIUq1IDCA7zAK7w5z8678+F8zlpzTjZzCHNwvn4B1SSWsw==</latexit>↵

<latexit sha1_base64="si0gY22R2jvq+k7KZ6KpcJo9GJk=">AAAB/XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cKphXaUDbbSbt0swm7E6GW4k/wqj/Am3j1t3j2j7htc7CtDwYe780wMy9MpTDout9OYWV1bX2juFna2t7Z3SvvHzRMkmkOPk9koh9CZkAKBT4KlPCQamBxKKEZDm4mfvMRtBGJusdhCkHMekpEgjO0kt8OAVmnXHGr7hR0mXg5qZAc9U75p91NeBaDQi6ZMS3PTTEYMY2CSxiX2pmBlPEB60HLUsViMMFoeuyYnlilS6NE21JIp+rfiRGLjRnGoe2MGfbNojcR//NaGUZXwUioNENQfLYoyiTFhE4+p12hgaMcWsK4FvZWyvtMM442n7ktKAZPY5uKt5jBMmmcVb2Lqnd3Xqld5/kUyRE5JqfEI5ekRm5JnfiEE0FeyCt5c56dd+fD+Zy1Fpx85pDMwfn6BQZtlj8=</latexit>

�

GPU

Multiple channels

… GPU

<latexit sha1_base64="+YyYKBnhi4/2zk/U4pmPYGIezOU="></latexit>

Tcomm(m,n) = ↵+ � · m
n

<latexit sha1_base64="a5Z7qQbJ9eF3UK5/q1aYokG1ozc=">AAACA3icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cKthXaUDbbTbt0sxt2J0INOfoTvOoP8CZe/SGe/SNu2hxs64OBx3szzMwLYsENuO63U1pZXVvfKG9WtrZ3dveq+wdtoxJNWYsqofRDQAwTXLIWcBDsIdaMRIFgnWB8k/udR6YNV/IeJjHzIzKUPOSUgJW6vVATmkZZKrN+tebW3SnwMvEKUkMFmv3qT2+gaBIxCVQQY7qeG4OfEg2cCpZVeolhMaFjMmRdSyWJmPHT6ckZPrHKAIdK25KAp+rfiZRExkyiwHZGBEZm0cvF/7xuAuGVn3IZJ8AknS0KE4FB4fx/POCaURATSwjV3N6K6YjYFMCmNLcF+PgpT8VbzGCZtM/q3kXduzuvNa6LfMroCB2jU+ShS9RAt6iJWogihV7QK3pznp1358P5nLWWnGLmEM3B+foFYsSZRg==</latexit>m

n
<latexit sha1_base64="K+/Edh+r66oa25Mxey3D60Fpk1Q=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJfROJsmY2dllZlaIS8BP8Kof4E28+iue/REnyR5MYkFDUdVNd1cQC66N6347uZXVtfWN/GZha3tnd6+4f1DXUaIoq9FIRKoZoGaCS1Yz3AjWjBXDMBCsEQxvJn7jkSnNI3lvRjHzQ+xL3uMUjZXqbRTxADvFklt2pyDLxMtICTJUO8WfdjeiScikoQK1bnlubPwUleFUsHGhnWgWIx1in7UslRgy7afTa8fkxCpd0ouULWnIVP07kWKo9SgMbGeIZqAXvYn4n9dKTO/KT7mME8MknS3qJYKYiExeJ12uGDViZAlSxe2thA5QITU2oLkthg+fxjYVbzGDZVI/K3sXZe/uvFS5zvLJwxEcwyl4cAkVuIUq1IDCA7zAK7w5z8678+F8zlpzTjZzCHNwvn4B1SSWsw==</latexit>↵



Communication bandwidth

• There are multiple hardware links (NVLink) combined with software 
optimization, so there is a trade-off between few large chunks and 
many small chunks (amenable to overlap) leading to 

• For JeanZay, we end up with values in the range of 

• CPU - GPU:  

• GPU - GPU (intra-node): 

• GPU - GPU (extra-node):
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<latexit sha1_base64="hqAJCkF1Ps82RUSsh5PuSwTQSug="></latexit>

Tcomm(m) = ↵+ �e↵ ·m

<latexit sha1_base64="/jyYc9joGl7TygpTamYhVRjpDQU=">AAACD3icbVDLSsNAFJ3UV62vqLhyM1gEVyURX8uiG5cV7AOaUG6mk3boJBlmJmIN/Qg/wa1+gDtx6ye49kectlnY1gMXDufcy7mcQHCmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqCSVhNZJwhPZCkBRzmJa10xz2hKSQhRw2gwGN2O/+UClYkl8r4eC+hH0YhYyAtpIHfvAAy76gD0QQiaP+NyLUqw6dtmpOBPgReLmpIxy1Dr2j9dNSBrRWBMOSrVdR2g/A6kZ4XRU8lJFBZAB9Gjb0Bgiqvxs8v4IHxuli8NEmok1nqh/LzKIlBpGgdmMQPfVvDcW//PaqQ6v/IzFItU0JtOgMOVYJ3jcBe4ySYnmQ0OASGZ+xaQPEog2jc2kaDZ4GplW3PkOFknjtOJeVNy7s3L1Ou+niA7RETpBLrpEVXSLaqiOCMrQC3pFb9az9W59WJ/T1YKV3+yjGVhfvww3nLY=</latexit>

↵ ⇡ 5µs

<latexit sha1_base64="vwmSPqiprTSvW9PCvUnBtk6eAl4=">AAACD3icbVDLSgMxFM34rPU1Kq7cBIvgqsyIqMuiG5cV7AM6Q7mTpm1oZhKSjFiHfoSf4FY/wJ249RNc+yOm7Sxs64ELh3Pu5VxOJDnTxvO+naXlldW19cJGcXNre2fX3duva5EqQmtEcKGaEWjKWUJrhhlOm1JRiCNOG9HgZuw3HqjSTCT3ZihpGEMvYV1GwFip7R4GwGUfcABSKvGI/SBOsW67Ja/sTYAXiZ+TEspRbbs/QUeQNKaJIRy0bvmeNGEGyjDC6agYpJpKIAPo0ZalCcRUh9nk/RE+sUoHd4Wykxg8Uf9eZBBrPYwjuxmD6et5byz+57VS070KM5bI1NCETIO6KcdG4HEXuMMUJYYPLQGimP0Vkz4oIMY2NpNi2OBpZFvx5ztYJPWzsn9R9u/OS5XrvJ8COkLH6BT56BJV0C2qohoiKEMv6BW9Oc/Ou/PhfE5Xl5z85gDNwPn6BQXPnLI=</latexit>

↵ ⇡ 1µs

<latexit sha1_base64="9+o4mkl/wAFMgJwKDBkzoelA7wk=">AAACEHicbVDLSsNAFJ3UV62vqODGzWARXJVERF0W3bisYB/QhHIznbRDJ8kwMxFr7E/4CW71A9yJW//AtT/itM3Cth64cDjnXs7lBIIzpR3n2yosLa+srhXXSxubW9s79u5eQyWpJLROEp7IVgCKchbTumaa05aQFKKA02YwuB77zXsqFUviOz0U1I+gF7OQEdBG6tgHHnDRB+yBEDJ5wK7jRSlWHbvsVJwJ8CJxc1JGOWod+8frJiSNaKwJB6XariO0n4HUjHA6KnmpogLIAHq0bWgMEVV+Nvl/hI+N0sVhIs3EGk/UvxcZREoNo8BsRqD7at4bi/957VSHl37GYpFqGpNpUJhyrBM8LgN3maRE86EhQCQzv2LSBwlEm8pmUjQbPI5MK+58B4ukcVpxzyvu7Vm5epX3U0SH6AidIBddoCq6QTVURwQ9oRf0it6sZ+vd+rA+p6sFK7/ZRzOwvn4BfbSc7A==</latexit>

↵ ⇡ 10µs

<latexit sha1_base64="0g5UdKp0QhfzM7T6VUtCWEEMQkI=">AAACK3icbZDJSgNBEIZ73HejHr00BsFTnBG3o+hBjwomETLD0NOpiU16FrprJHGY5/ApfASv+gCeFG/ie9hZDibxh4afv6qo6i9IpdBo2x/W1PTM7Nz8wuLS8srq2nppY7Omk0xxqPJEJuouYBqkiKGKAiXcpQpYFEioB+2LXr3+AEqLJL7FbgpexFqxCAVnaCK/5LihYjx3itwNAJmfuwgdzCEMi6JwWZqqpEMPjgbp5Xmxr/1S2a7YfdFJ4wxNmQx17Ze+3WbCswhi5JJp3XDsFL2cKRRcQrHkZhpSxtusBQ1jYxaB9vL+1wq6a5ImDRNlXoy0n/6dyFmkdTcKTGfE8F6P13rhf7VGhuGpl4s4zRBiPlgUZpJiQnucaFMo4Ci7xjCuhLmV8ntmWKGhObIFRfuxMFSccQaTpnZQcY4rzs1h+ex8yGeBbJMdskccckLOyBW5JlXCyRN5Ia/kzXq23q1P62vQOmUNZ7bIiKyfX2nIqaM=</latexit>

1

�e↵
⇡ 25GB/s

<latexit sha1_base64="h2RJR8qmjnhZ1nRsZxOsjWrePOM="></latexit>

1

�e↵
⇡ 100GB/s

<latexit sha1_base64="YQb2Ba4CE50g4oOaw1DiWW7rfKc="></latexit>

1

�e↵
⇡ 300GB/s



NCCL: A Protocol to Make GPUs Communicate

• I’ll focus on NVIDIA environments which are more common. 

• NVIDIA Collective Communications Library (NCCL "Nuh-kuh-l") is a 
communication library used to make GPUs exchange data efficiently, typically over 
NVLink, PCIe, or InfiniBand. 

• It can treat multiple GPUs as one large accelerator by hiding link and topology 
details behind a simple collective communication API (e.g., all-reduce, broadcast, 
all-gather). 

• NCCL is a CUDA-aware library: communication is implemented with GPU 
kernels, runs in parallel, and can overlap with computation. It’s often a backend of 
libraries like PyTorch. 

• Many communication details are hidden from the user (e.g., gradient bucketing / 
tensor fusion in deep learning frameworks), but performance improves when the user 
keeps tensors contiguous and well-sized. 

• NCCL can select the best communication algorithm and pattern for the current 
topology and message size, often by probing/benchmarking available options.
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One word about the I/O on a cluster
• Can our input pipeline deliver well-shuffled (say, i.i.d.) minibatches fast 

enough to keep GPUs 100% busy? 

• There is again a latency/throughput trade-off: we need to keep batch 
latency low (fast time-to-first-byte) so the prefetch queue stays 
full and GPUs never wait; then to use high throughput to stream 
enough data to maintain shuffle quality and utilization. 

• Storage options (typical trade-offs), assuming an "offline" shuffling: 

• Object storage (Amazon S3): very high throughput, but higher per-
request latency; pair with node-local RAM cache. 

• Shared filesystem (on Network): very high aggregate throughput, low 
latency 

• Local RAM: lowest latency per node; great as a cache.
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Bonus: Sharing Randomness Is (Almost) Free

• Real data is expensive to send between workers…but shared 
randomness is cheap. 

• How? 

• Simply share the random seed once…
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Parallelising DNN training
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The need for a metric to measure efficiency
• In High-Performance Computing (HPC), we often talk about: 

• Strong scaling: Fix the problem size, increase the number of workers 
and measure how the time to solution decreases 

• Weak scaling: Increase the problem size proportionally to the number 
of workers and keep the work per worker constant and measure 
whether the time to solution stays constant 

• In deep learning, “problem size” is not fixed: more GPUs = larger batch 
size or bigger models. 

• Classic strong/weak scaling only tell you about throughput (and 
clearly not model quality). 

• It measures only parallel efficiency and it doesn’t take in account for 
the hardware usage. 

49



Model FLOPs Utilization

• A simple, efficient metric which allows to take in account for 
the efficiency of a ML algorithm is the Model FLOPs 
Utilisation: 

• MFU tells us how close we are to not wasting FLOPs. 

• During the previous lectures, we saw that typically, for a 
model of size P:

50

<latexit sha1_base64="FEIWf1CrfsvHNbDQRRxW2MrcIng="></latexit>

MFU ⇡ 6P · Tokens per second
Theoretical peak FLOPs of the hardware

<latexit sha1_base64="pY1JrG04JcquZg1OOEcwMofBRzA="></latexit>

MFU =
FLOPs your model actually executes per second

Theoretical peak FLOPs of the hardware



Example of MFUs

• Tuning a cluster to maximize MFU is a real art. 

• The typical ranges spans 20% to 60%. 

• For instance, the Herds of LLama3 models report a MFU of 40% 

• Megatron DeepSpeed report on a single worker a MFU of 55% 

• DeepSeek-v3 has probably a MFU of 45%.
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The tradeoffs of a good MFU

• Good MFU has to deal with 3 trade-offs: 

• Memory 

• Communications 

• Statistical efficiency 

• We’ll see this at the next lecture!
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The software eco-system
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Megatron+DeepSpeed
• Megatron-LM: large-scale Transformer training with tensor, pipeline, and sequence parallelism 

• DeepSpeed: system-level optimizations (ZeRO-1/2/3, optimizer & activation sharding, 
offload) 

• Combined stack: 

• Megatron handles model parallelism 

• DeepSpeed handles memory efficiency & scaling 

• Proven at very large scale (multi-node, multi-GPU) 

• Powerful but complex to configure and tightly coupled to Transformer architectures
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TorchTitan
• TorchTitan: PyTorch-native framework for large-scale LLM training 

• Built on PyTorch distributed primitives 

• Emphasizes: 

• Composability over monolithic design 

• Clear separation between model code and parallelism 

• Designed to be: 

• Easier to extend 

• Easier to reason about 

• Less architecture-specific than Megatron 

• Still younger / evolving, fewer battle-tested recipes at extreme scale
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Ecosystem Around TorchTitan (Tools & Integrations)

• PyTorch distributed stack: torch.distributed + FSDP/DTensor 
… 

• Fault tolerance: TorchFT for resilient, restart/continue training on 
failures 

• Post-training / finetuning: TorchTune 

• Ecosystem glue: Hugging Face (models, datasets, tooling 
interoperability)
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Conclusion

• Let’s try out TorchTitan!
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